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TRANSLATOR’S PREFACE 


In this translation of the second volume of Carathéodory’s Funktiontheorie, 
the translator has again aimed at a faithful rendering of the origina! text, except 
for the elimination of a number of misprints and minor errors. 

For the reader who may have bypassed the chapter on Inversion Geometry 
in Volume I on a first reading, or in the customary first course on Complex 
Variables, it will be advantageous to study that chapter before going too far 
in the present volume. 


F. Steinhardt 


EDITOR’S PREFACE 


As has already been mentioned in the preface to the first volume, the author 
of this book lived to see the whole work through the press, so that the text of 
neither volume required any changes or additions by the editor that might 
otherwise have been needed. The division of the work into two volumes was 
ascribed, in the above-mentioned preface, to certain extraneous reasons; 
nevertheless, we might add here that the second volume, being devoted to carry- 
ing the subject on further, is in part devoted to more recent results and 
problems—to some, in fact, that owe a good measure of their exposition and 
development to Carathéodory himself; the present volume requires, corres- 
pondingly, somewhat more from the reader than does the first. In keeping 
with the character of the whole work, the second volume stresses the geometric 
point of view even more than does the first. Considerations of a Weierstrassian 
cast are absent. 

The present volume contains Parts Six and ‘Seven of the entire work. The 
first of these two parts is devoted to the foundations of Geometric Function 
Theory, its three chapters dealing with bounded functions and with conformal 
mapping. Among the topics treated here, we mention G. Pick’s beautiful 
interpretation of Schwarz’s Lemma and a rather detailed account of the theory 
of the angular derivative. For the important theorem of Fatou on the boundary 
values of bounded functions, Carathéodory has chosen his own proof, which 
dates back to the year 1912. 

After a brief study of the elementary mappings, the exposition of the theory 
of conformal mapping begins with the Riemann Mapping Theorem, which is 
the core of the whole theory. The author gives a proof that applies right off 
to bounded regions of any connectivity, proving the existence of the mapping 
function by means of a well-known iteration method. He then proceeds on 
the basis of this central theorem to study the group of congruence transforma- 
tions. For reasons given by the author in his preface (see Vol. I, p. viii), no 
systematic account is given of the theory of the universal covering surface nor 
of the general theory of Riemann surfaces. The same goes for the general 
theory of uniformization. However, the student is shown the construction 
of a specific covering surface, and he acquires an important tool for uniform- 
ization theory in studying the sections that deal with the simultaneous mapping 
of nested annular regions. The mapping of the frontier is treated in detail, 
but Carathéodory does not include here the more complicated investigations 
of the frontier, nor his theory of prime ends. The proof of the Schwarz 
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Reflection Principle is given under quite general conditions and nonetheless 
remains very simple; the boundary values are only assumed to be real, not 
necessarily continuous. 

The four chapter of the seventh and last part deal with the triangle func- 
tions and Picard’s theorems. A solid foundation for the study of these func- 
tions requires some elementary facts about functions of several variables and 
differential equations. These facts are derived in the first chapter. This is 
followed by a detailed exposition of the hypergeometric differential equation. 
There are tables summarizing all of the fundamental solutions of this equation 
and giving the exceptional cases as well as the connecting formulas. This 
provides the student with all of the analytic tools required for the mapping of 
circular-arc triangles. The third chapter gives a geometric study of certain 
special cases, namely of the Schwarz triangle nets and the modular configura- 
tion. The fourth chapter gives the most important theorems on the exceptional 
values of meromorphic functions. Carathéodory begins this chapter with 
Landau’s theorem, deriving from it the theorems of Picard and Schottky. 
Some more recent results on the essential singularities of meromorphic func- 
tions form the conclusion of the work. 


Munich, May 1950 
L. Weigand 
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PART SIX 


FOUNDATIONS OF GEOMETRIC 
FUNCTION THEORY 


CHAPTER ONE 


BOUNDED FUNCTIONS 
Functions of Bound One (§ 281) 


281. Let f(z) be a regular analytic function defined in some bounded 
region G. If | f(z)| 1 holds true at every point of this region, we shall 
say that f(z) is a function of bound one in G. For f(z) to be of bound one 
in G, it is necessary and sufficient that the moduli of all of the boundary values 
of f(z) in G be less than or equal to unity. 

We shall prove the following result, which is due to Lindeléf: If f(z) is 
known to be bounded in G, then to conclude that f(z) is of bound one in G 
it suffices to establish the above condition at all but a finite number of points 
Ci,...,0p of the frontier of G. 

To prove this, we first note that if @ stands for the diameter of the region G, 
then the functions 


Beak Gj =1,..9) 
@ 
are of bound one in G. Hence so is the function 
p —_— é 
9, (2) = II (ooe 3) ; (281.1) 
rose } 


where ¢ > O is arbitrary. Now let f(z) be any analytic function that is bounded 
in G and whose boundary values at all of the frontier points of G, with the 
possible exception of the ¢;, are = 1 in modulus. If we set 


f(z) = fe) y.(2), (281. 2) 


then all of the boundaty values of the function /,(z), including those at the 
points ¢;, are = 1 in modulus, so that the function /,(z) is of bound one in G 
for every (positive) value of e. But at every interior point 2 of G, we have 


fe) = HD f(2), 


which proves that | f(z) | 1 throughout G. 
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Unit Functions (§§ 282-285) 


282. We shall now consider, in particular, functions that are analytic and 
of bound one in the circular disc |z| <1. Among these functions, those 
that are continuous and have modulus unity at every point of the boundary 
| ¢ | ==1 of the disc play a special role. We shall call functions of this kind 
unit functions. 

If E(z) and E*(z) are any two unit functions, then it is clear that the 
functions E(z)#*(z) and E(E*(z)) are likewise unit functions. 

We are now in a position to generalize the argument that was used in 
§ 140, Vol. I, p. 135, to prove Schwarz’s Lemma. We note first that if 
f(z) is a function of bound one in | z| < 1 that can be written in the form 
f(2)= E(z)+g(2), where E(z) is a unit function and g(z) is analytic in 
the disc | z| <1, then all of the boundary values of g(z) at the points of 
the circle | 2 | == 1 are S 1 in modulus, so that g(z) must itself be of bound one. 

This fact is fundamental for the theory of bounded functions. In particular, 
if f(z) itself is a unit function, then g(z) must likewise be a unit function. 


283. Next we shall see how all unit functions can be calculated explicitly. 
A non-constant unit function E(z) must have at least one zero in | z| <1, 
according to the criterion at the end of § 138, Vol. I, p. 135. On the other 
hand, since no point of the boundary | z | == 1 can be a point of accumulation 
of zeros, E(z) has only a finite number of zeros 2,,...,2n, where the z, 
are n not necessarily distinct numbers. Now the expression 


Tl yo (283. 1) 


—z%, 
ead 1 y 2 


represents a unit function the zeros of which coincide with the zeros of E(z) ; 
hence we may write 


Be) =e) IT S5. (283.2) 


where g(z), according to the preceding section, is a unit function without 
zeros and hence is a constant of modulus unity. It follows that every unit 
function is of the form 


% 
Fy ay — 2 
E,(2) = ae ie (283. 3) 
and is therefore a rational function wiose numerator and denominator are 
polynomials of degree ». We shall ca‘ a function E,(2) of this kind a unit 
function of degree n. 
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If a is any point of the interior of the unit circle and if E,(z) is a unit 
function of degree n, then the function 


a—E,{z) 
ER (2) = tS 

is likewise a unit function of degree n, since its numerator and denominator 
clearly do not have any zeros in common. Hence £,*(z) has zeros, pro- 
vided that each zero is counted with its proper multiplicity. But these zeros 
are simply those points of the disc at which E,(z)==a holds true; thus 
every value a (|a|< 1) is assumed the same number of times by E,(2), 
namely » times. 


284. The totality of unit functions is part of a normal family the limit 
functions of which are not necessarily unit functions, though they must be 
functions of bound one. Thus, for example, the sequence of unit functions 
f,(2) = 2, v= 1,2,... converges to the constant zero. 

We shall now assign to every function f(z) of bound one in the disc | z| <1 
a sequence of unit functions E,(z), F2.(2),... that converges to f(z), where 
E,(2) is a unit function of degree n. 

To this end, let 


H(z) =@gta,z+---+a,2%+4--- (284. 1) 


be the Taylor expansion of f(z). We define a function g(z) as follows, and 
obtain its Taylor expansion: 


Be) = py bet zt ot Ont to. (284.2) 


By § 282, the function g(z) is itself of bound one in | z| <1. Now if g*(z) 
is any function of bound one having bo, bi,..., Da, as the first coefficients 
of its Taylor series, then 


Gy — z g*(z' 

Pe) = Sy (284. 3) 
is a function of bound one that has a,@,,...,a, as the first (n +1) co- 
efficients of its Taylor series. Moreover, if g*(z) is a unit function then 
so is f*(z). 

Now if we assume we had an algorithm for assigning to every function f(s) 
of bound one a unit function Z,(z) of degree m having a,...,@,—1 as the 
first n coefficients of its Taylor series, then by means of this same algorithm 
we could assign to the function g(z) of bound one a unit function E,*(z) 
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whose Taylor series starts off with b, +b,z+++-+b, ,2%-1. Then the unit 
function 


y — # En(z) 


Ensil®) = 7a BSG (284. 4) 


would be a unit function E,:(2) of degree (m + 1) belonging to f(z). But 
since 

ag —2 

1—G)z 


E,(2) = 


is known, we can actually determine successively, by the method just described, 
all the E,(2) belonging to f(z). By the theorem of § 211 (cf. Vol. I, p. 209) 
it then follows that 

}(z) = lim E,,(z) (284. 5) 

nh=co 

holds at every interior point of the disc |z| <1. In this representation of 
the functions of bound one, the approximating functions E,(z) play a role 
similar to that of the polynomials that are the partial sums of a power series, 
and for some problems the former are actually preferable to the latter. 

285. Let w= E(z) be a unit function whose derivative E’(z) vanishes 
nowhere in the disc |z| <1. Then by the monodromy theorem (cf. § 232, 
Vol. I, p. 238), we can calculate the inverse function z= g(w) in the disc 
|w|<1, and see immediately that y(w) is of bound one and that its 
boundary values are all of modulus unity. Hence the unit function w== E(z) 
represents a one-to-one mapping of the two discs |z| <1 and |w|<1 
onto each other, from which it follows that E(z) is a unit function of degree 
one (cf. § 283). We therefore have the following theorem: Jf E(z) is a unit 
function of degree higher than the first, then its derivative E’(z) must have 
at least one zero in the disc |2| <1. 


G. Pick’s Theorem (§§ 286-289) 


286. The properties of unit functions that have been developed in the pre- 
ceding sections will now enable us to derive a large number of results, of 
which Schwarz’s Lemma is merely a first example. We proceed to establish 
an invariant formulation of Schwarz’s Lemma, as follows. 

Let f(z) be a function of bound one in the unit circle that assumes at 
2== Z the value wo. If f(z)5=1, we have the relation 


wm —f2) _ #0 # g(2), (286. 1) 


1—mfe)  1—%z 
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where g(z), by § 282 above, is itself of bound one. From this it follows that 


4% —2 


s = 
1—2Zz 


| wo — fe) 
1 — wo f(2) 


(286. 2) 


or, if we make use of the concept of pseudo-chordal distance introduced in 
§ 87, Vol. I, p. 82, that 


p(wo, #) S plo, 2)- (286. 3) 


If we consider the two discs | z| <1 and | w| <1 as representing non- 
Euclidean planes, then the non-Euclidean distances E,(2,2) and E,(wo,w) 
are given by the equations 


1 
plz, 2) = tgh = En(2o, 2) 
(286. 4) 


1 
p(Wo, w) = tgh = E, (wp, #) 


(cf. §65, Vol. I, p. 55). Since tgh « is a monotonically increasing function 
(cf. equation (243.6), Vol. I, p. 252), we can replace relation (286.3) by 
the following: 


E(t, @) < En(%, 2): (286. 5) 


This interpretation of Schwarz’s Lemma is due to G. Pick, and may be 
expressed as follows: 

Any function w = f(2) of bound one maps the non-Euclidean plane | 2| <1 
onto itself, or onto part of itself, in such a way that the non-Euclidean distance 
of two image points under the mapping never exceeds the non-Euclidean 
distance between their pre-images. If these two distances are equal for even 
one pair of image points and the corresponding pair of original points, then 
the mapping must be a non-Euclidean motion that leaves all distances invariant. 

The last part of the theorem follows immediately from equation (286.1) if 
we set g(z) =e”. 

287. Pick’s theorem enables us to find an upper bound for | f(z) | at any 
point z of the disc |z| <1. We note that 


y(0, w) =|w|, (0, wo) = [wo], plo, #) S plo, 2). (287. 1) 
Hence if we set 


|w|=tghS-, |wy|=tgh 22, yp(z,z) =tgh s, 
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then we have—observing that the triangle inequality holds in non-Euclidean 
geometry, by (73.10), Vol. I, p. 64— 

@ Sat £,(%,v) Sate (287. 2) 
and hence 


M+ Cf __ tgh wo/2 + tgh ¢/2 
|w| Stgh 3—> = 1+ tgh o,/2 tgh £/2 ° 


This implies that 


Ifo) | + lz, 2) 


This inequality can not be sharpened, since f(z) can be chosen in such a way 
that, 29 and 2 being given, the equality sign will hold in (287.3). 
288. Let us consider the disc | z| <7 < 1 interior to the unit circle, and 


any three points 20, 21,22 inside this disc. For any two of these points, say 
2, and 2;, we have 


E,,(%, 2) S E,(0, 2) + E,(0, 2,) < 2 £,(0, 7). (288. 1) 
This implies (by § 87, Vol. I, p. 82) that 


2 
v(t, 2) < aa = he (288. 2) 


Now if w= f(z) is any function of bound one, we may write 
vw, #) = le, 2) |e2)| = @ = 1, 2, 3), (288.3) 


where the functions g;(z) are of bound one. We observe that by equations 
(288.3), 
| Go(21) | = | x (20) | 


holds true and that therefore, by the result of the preceding section, 


18o(#s) | + 4 
| 81(22)| < 1 = eal) | h eee 
holds. On the other hand, 
[8o(%) | + 4 
leolen)| < aster * (288. 5) 


Hence if |go(zo)| =« <1 and if we set 2h/(1 + h?) =k, it follows that 


k 
lea(zs)| < tear =An <1. (288.6) 
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We have thus proved the following theorem: If f(z) is a function of bound 
one other than a unit function of the first degree, then we can assign to every 
positive number r <1 @ positive number A(r) <1 which is such that for 
any two points 21,22 of the disc |2z| <+r, the following relation holds: 


per, M2) < Ar) plas, 22)- (288. 7) 


289. Let w= f(z) be a function of bound one in the disc | z| < 1 and 
assume also that f(z) is neither a constant nor represents a non-Euclidean 
motion (cf. § 82, Vol. I, p. 76). Let y, be a (closed) arc of a rectifiable 
curve without double points in | z| < 1, and let us assume first that w== f(z) 
maps this arc one-to-one onto a Jordan arc y, in the disc | w|< 1. By § 88, 
Vol. I, p. 83, the non-Euclidean length of a curve equals twice the least upper 
bound of the pseudo-chordal lengths of all the inscribed polygonal trains. Since 
y, is a closed point set, it lies in some disc |z|=r<1. Therefore the 
non-Euclidean length L, of y, is finite, so that y, is rectifiable in the non- 
Euclidean metric as well. If 2, is a polygonal train inscribed in y, and if 
II, denotes the pseudo-chordal length of 2,, then the vertices of 2, are the 
images of the vertices of a corresponding train 2, inscribed in y,; the pseudo- 
chordal length of 2, we denote by Z7,. By the preceding section, we have 


210, < 2 Xr), SA(r) L,. (289. 1) 
Since this relation holds for all polygonal trains inscribed in y,, it follows that 
Ly SA(r) L,. (289. 2) 


The assumption that y, and y are one-to-one images of each other can be 
dispensed with, since any rectifiable curve y, contained in | 2| <7 can be 
decomposed into at most denumerably many arcs each of which can be mapped 
one-to-one onto an arc of y.~. Thus we have the following theorem: Jf f(z) 
is a function of bound one in |z| <1, then it maps every closed" rectifiable 
arc y, onto a similar arc yw in the disc |w|< 1, and the respective non- 
Euclidean lengths L, and Ly» of these arcs satisfy the relation 


| ee Oe (289. 3) 


The equality sign holds in (289.3) only if the mapping w= f(z) represents 
a non-Euclidean motion. 


* Closed as a point set. 
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The Derivative of a Bounded Function (§§ 290-291) 


290. Equation (286.1) can be written in the form 


ty —H2) _ 1~w f(z) 


par iz; 8). (290. 1) 
If we let 2 tend to 2 in (290.1), we obtain 
, 1—! 2 
f(z) = EO glee) (290.2) 


Hence unless f(z) represents a non-Euclidean motion, we have at every point 
| | of the interior of the unit circle that 


[P| < 42OF <3 (290. 3) 


1—|2[? ~~ 1-2/7 ° 


We have thus obtained the following theorem: The modulus of the derivative 
of a function of bound one in | z| < 1 always satisfies 


fais soer. (290. 4) 


1—|2|? 


and the equality sign holds only in the case of a non-Euclidean motion. In 
particular, in the disc |z2| Sr <1 we have in any case that 


I’@)| Sa (290.5) 


These bounds are the best bounds possible. 

The result of the preceding section can be derived, in the case of a con- 
tinuously differentiable arc y,, directly from relation (290.4), since (290.4) 
then implies that 


|dw| |dz| 
‘i 1—|w/|? Ss 1— fz?’ (290. 6) 


Yw Y2 


where the integrands represent the differentials of the respective non-Euclidean 
arc lengths. 

Remark. From what has just been said, it follows that relation (290.6) 
can be used to derive once more Pick’s theorem of § 286 above. 


291. We shall next obtain a bound for | f’(z) | under the additional assump- 
tion that f(z) vanishes at z—=0. From this we obtain first, setting z—=0 
in (290.1), that 
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Wo = 2p g(0). (291.1) 

Furthermore, setting | g(0) | = we obtain from formula (287.3) the relation 
a+t |Z] 

lel S aye ier (291.2) 


If we substitute these two results into (290.2), we find that 


(1 —a? |zol*) (@+ lal) _ (1—a leg) (@ + |201) 
If") | S “GTR a+ ola) 1— [al Ee eas, 


The numerator of the right-hand side of this inequality increases monotonically 
in a up to the point 
1—|2|* 


ap, = 
ss 2 | 29] 


(291. 4) 
For sufficiently small values of | 20|, more precisely for || << /~Z—1, we 
have d) = 1, and the maximum of the right-hand side of (291.3) is obtained 
by setting a1. In this case, 


If'(0)| S12 
holds. But if || > /2—1, then we must set 
—~7 — 21m !0l? 
ia as 3 


in order to obtain an upper bound for | f’(20) |. We have thus obtained the 
following theorem, which is due to Dieudonné: 


If f(2) ts a function of bound one in | 2| <1 that vanishes at z=0, then 


2\2 
@lsi ¢ elspa te: (291.5) 
according to whether |z| <2 —1= 0.4142 or|z| > 2 —1. These bounds 
are the best bounds possible. 
The equality sign holds in the first case only if g(z) = 1. In the second case 
it holds, as is easy to see, only if g(z) is a unit function of degree one and 
f(z) a unit function of degree two of the form 


iy de 
ie) = #2. (291.6) 


The determination of 4 can easily be reduced to the case of real w) and 2p. 
In this case, 
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whence 


~ dg(l + 22) . 


(291.7) 


It is remarkable that the upper bound for | f’(z)]| in the disc | z|< 1 is 


continuous, to be sure, but not analytic. 


A Distortion Theorem (§ 292) 


292. Let f(z) be a function of bound one in | z| <1 for which 


f'0) =b=1-#8 


holds, where e=0. If e=0, then the results of § 290 above show that 
f(z)==2. We shall prove that in every disc | z| <7 <1, the functions of 
the set just described converge uniformly to 2 as € tends to zero. 


To this end, we set f(0) =a and 


a—fe) _ 
1—ai(2) se 2 g(2), 


where g(z) is of bound one. Then 


_ a+ 28(2) 
te) = 1+ @zg(z) 
and 
2 g(z) (1—a@a) 
1+ a2 ¢(z) 


(2) — a= 


From this we calculate 


/'(0) = (0) (L—@a) =1—e% 


Hence 1— ¢? <1—aa@ and a=ec, where |c| <1. 


1—< 


80) = FaaeF 
and 


_ &(l—e) ce 
60) -b= Tae 


Also, 


(292. 1) 


(292. 2) 


(292. 3) 


(292. 4) 


It follows that 


(292. 5) 


(292.6) 
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P90) yet Boe Se. 008 7 


1—ecé 1—ece 1—<.2° 
Now we set 


_ (0) — 2 A(z) 
82) = zal) (292. 8) 
and obtain 
(0) —b — (1 — (0) b) z h(z) 
g(z) — b= $2 (292.9) 
= g(0) # A(z) 
These formulas show that for |2z| <7, 
2 (1 — 9%) 4+ 2e%r° 
le) — 0) $ SPE (292. 10) 


Here we made use of the fact that h(z) is of bound one. Now we have 


a+ 2e(2) —bz—Gb 2? g(z) 


f) bz= 1+ azeg(z) eee 
For | 2| <7, finally, 
; eth t+ (L—e% 8] (1 —e8) (Ln) + ret (Let + 27) 
[Goss °--—= (i —e%) (1 —») G—en) 
(292. 12) 


14+r—r—A+re(1+ 27) l+re(l1+27) 
Se (1 — e*) (Ll —7) (l —e7) <e (1 —e%) (1 —r) (l—er) * 


This shows that in the disc |2z|< 7, the expressions f(z)—bz (where 
b = 1 — e*) converge to zero uniformly as € goes to zero.’ 


2 A slightly more general theorem can be established by means of a much shorter (though 
not quite as elementary) proof for which I am indebted to Mr. Erhard Schmidt. Let the 


oo 
function f(z) of bound one be given by f(z) =.’ 4,2”. Then for 0<7<1,z=re!? 
7-0 


2x 
0° 1 2 
2 |ae|? 2” = aa f 1 tz) dp, 
0 


whence for r= 1, 
oO 
2 |a|? St 
y=Q 
follows. Hence if for any 2, 
[ag] =1—e', 


then 
= |a,|?< e?* 
vik 
and therefore, by Schwarz’s Inequality, 
2 
[Ms) —a, FPS ek Dre < =, 
vk bor 
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By Rouché’s theorem (cf. § 226, Vol. I, p. 229), it follows further that for e 
sufficiently small (independently of the choice of a), the function w == f(z) 
has at least one zero in | 2| <7, and that this function is simple (schlicht) 
in some disc | z| < @. To obtain the best possible bounds in this connection, 
one proceeds best by reversing the problem and going after the maximum of 
| f’(0) | for all functions f(z) of bound one that represent a simple mapping 
of a given disc |z¢|r<1. This problem leads to extensive calculations 
but can be handled by methods similar to those used above. 

Remark, The same method can be used to estimate the remainder of the 
Taylor series of f(z) a@— bz in terms of e and r. 


Jensen’s Theorem (§ 293) 


293. Let f(z) be a function of bound one that is known to have zeros at 
21,...,8n, all of these numbers being assumed to be distinct from ¢—0. 
Then we deduce just as in § 283 above that f(z) can be written in the form 


zp 2 


fe) = e@) I 


where g(z) is also a function of bound one. From this it follows that 


|7(0)| = |g(O)| |21 2_--. Zn] SS [21 Ze ++. Sn] (293. 1) 


This result, after re-norming the functions involved, is equivalent to the 
following theorem of J. L. Jensen (1859-1925): Let F(z) be regular in the 
disc |2| < R, let F(0)=1, and let 2,,..., 2, be among the non-zero zeros 
of F(z) in this disc. Then the least upper bound M of | F(2)|in|2| <R 
Satisfies the inequality 
R® 
MS, (293. 2) 
| 2 2g-+-2y| 

From (293.1) we can also derive an upper bound-for the number of zeros in 
a disc | z| <r < 1 of any function f(z) of bound one in | ¢| < 1 for which 
F(0)= a). For if n is the number of these zeros, we have 


[ao] <7", (293. 3) 


whence 


(293. 4) 
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An Application of Pick’s Theorem (§ 294) 


294, Let f(z) be of bound one in the disc |z| <1. We consider an 
arbitrary set of circles K(z) with non-Euclidean centers at z and non- 
Euclidean radii o(z), and in the w-plane we consider the circles (2) with 
non-Euclidean centers at w== f(z) and non-Euclidean radii g(z). If A, is 
any point set contained in the union of the discs K(z) and if the point set A,, 
of the w-plane is the image of A, under the mapping w= f(z), then by Pick’s 
theorem, A, must be contained in the union of the discs '(z). We shall 
make use of this fact in what follows. 

Let us assume that f(z) is a real function, so that it maps the points of the 
real diameter of | z | < 1 onto points of the real diameter of | w| <1. Now 
if we consider the set of all non-Euclidean discs of (non-Euclidean) radius @ 
and centers on the segment AB (see Fig. 34 below), we see that these discs 
cover the lens-shaped region AN BMA bounded on either side by a (non- 
Euclidean) line of constant (non-Euclidean) distance from the segment 4B. 
Our observation above now implies that to every point of this lens there 
corresponds a point w==f(z) that lies within the corresponding lens in the 


S44) 
ee 


Fig. 34 
Julia’s Theorem (§§ 295-297 ) 


295. Let us consider those non-Euclidean motions 


w= ee SF (jal <1), (295.1) 


l1—az 
for which z= 1 is a fixed point; they are of the form 


1—a@ a—-zZz 
l—a 1—az~ 


(295.2) 
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Writing - 
—1 
mi? tS = oar Gore) 
we obtain them in the form 
@—1)-(+i)2 _ (+2—-A 0-2) (295.4) 


ee G+ =O —1)s (l+2)+/ (1—2) 
This yields 


pew PAO) Ga we 


= 2(1+2)+(—A) (1 —2) . (295.5) 
(l+2)+A(Q—2)’ 


(1+ 2)+4(1—2) 


We now set 4a +7 and note that by (295.3), the condition |a| <1 
can be replaced by a > 0. We find that 


1—-w a (1 —2z) 


i+w (i+a—iPl—2)- (295.6) 


This formula takes on a particularly simple form if we assume the point. 


2==— 1 to be a second fixed point of the transformation. For in this case 
B=0, so that 
1—w 1—z 
ite * iss" (295.7) 
If we set 
Z, = thy On — 2 W,= <2 et¥n — w (295.8) 


1—u,e nz’ 1—v, ec t¥nw 
where “, and v, are positive numbers < 1, then 
W,= eZ, (n= 1,2,...) (295.9) 


represents a non-Euclidean motion. We shall show that under the assumptions 


lim «, e* = limv,e'** = 1, lim 7" =a, (295. 10) 
n=0o 1 = 00 "= 00 Un 


it is possible to determine the numbers —, in (295.9) in such a way that 
(295.9) converges to (295.7). We first introduce the abbreviations 


t= ea, wy, =e w. (295. 11) 


Then we have 


Z, = eon tn bn (295. 12) 
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This implies that 


-it, 7 _ (+ 4) (L— on) 
l+e i a ue 
(1 tq) (1 + Sn) ey 
Se — 4%, 
l-—e on Zn = ae re aa J 
Similar formulas hold for W,. Now the equation 
1+ eto Zu _ At etn Wy (295. 14) 


1—enZ,  1—e nw, 
holds identically if we set W, = eZ, and take 7, = yz—9,. It therefore 
represents a non-Euclidean motion. If we substitute the expressions (295.13) 
and the analogous expressions for the W,, into (295.14), we obtain these 
non-Euclidean motions in the form 
L-@, _ 1-% ltt | 1—¢, 
1+, l-u, 1+, 1+¢, ’ 


(295. 15) 


and these motions map the point #,, e®* onto the point v,, e'¥" and, by (295.10), 
converge continuously to (295.7). 

296. We now consider any function f(z) of bound one in | z| < 1 that 
is not the constant unity, and we consider sequences of points 2, in the 
(interior of the) disc | z| < 1 that converge to z==1. Let us assume also 
that lim f(z,)==1. For all such sequences we either have 


. = \f (n) | , 
or else there is a sequence of the kind specified for which the limit in (296.1) 
is a finite non-negative number a. We must then even have a > 0, since 


by § 287, 


1#(0) | + [21 ae 
@)| S TS4ROT ET’ ed 
whence 
1—Ie)| ~ 1-101 1140) 
Toe) = Te HOA = 1+ IHO’ 03) 
from which 
1 —If(0)| 
2 > o (296. 4) 


follows. If for a sequence {z,} the number a is finite, then with the notation 


Z_ =u, em, f(z,) =v, 6% (296.5) 
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it follows that 
lim #,=limv,=1, lim =—" =a. (296.6) 
n= 0o n=o n=0o nm 
Let x be a fixed point on the real diameter of the disc | z| < 1 and let K, 
be the circle that has t, e*®" as its non-Euclidean center and passes through 
the point x. The Moebius transformation (295.15) maps this circle onto a 
circle I’, of the w-plane having w, —=f(2,) as its non-Euclidean center and 
having the same non-Euclidean radius as K,. The circles K, converge to a 
circle K that is an oricycle (cf. § 83, Vol. I, p. 79) of the non-Euclidean 


peer ee 
LY 


Fig. 36 


plane | 2| <1 and passes through the point z==1 and z= ~-. Since the 
Moebius transformations (295.15) converge to (295.7), the images I’, of 
the circles K, must converge to an oricycle I’ of the non-Euclidean plane 
|w| <1 that passes through the points w= 1 and w= y, where y and x 


are related by 

: = 

rer a 7 (296. 7) 
Now if 2 is a point in the interior of the oricycle K, it must be contained in 
the interior of infinitely many of the circles K,; by Pick’s theorem, the point 
w==f(z) must then be contained in the interior of infinitely many of the 
circles I’, and therefore cannot be outside the oricycle 7’. Since the mapping 
is neighborhood-preserving, the point w == f(z) must even lie in the interior 
of I’. Hence any boundary point of the disc K is mapped onto an interior 


point or a boundary point of I. 
297. From a study of Figures. 35 and 36 above it follows that 
‘AP Ax _1—% 


PB aE 1+ 


and 
A,P, < 417 = l—y 
PB, ~ yEy l+y” 
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Thus the result of the preceding section is expressed as follows in geometric 
terms: 


AP; = AP 
PB, =* PB’ 
By § 158, Vol. I, p. 154, this can be written in the form 


11 —7#()/? |1— 2]? 
1— f(z)? “~~ 1—|z/?* 


(297.1) 


Thus we have obtained the first part of the following theorem, which is due 
to G. Julia: 

If f(z) ts a function of bound one in | 2| <1 that is not the constant unity 
and if {2,} is any sequence of points of the disc |z| <1 that converges to 
g==1 and for which lim f(z.) == 1, then either we have for all such sequences 
that 

lim 2 lf@s) een (297. 2) 


n=co 1— [2] 


or else there are finite positive real numbers a which are such that for alt 
|@| <1, the relation 


jt =fe)l?, j1—2/? ‘ 

Tope S* 18 (27-3) 
holds. If, in particular, there is among these numbers a a value ay and in 
|2@| <1 a point 2’ for which the equality sign holds in (297.3), then the 
relation 


[1 — fle)? j1—2i? 
i—if@P  “1—T2iF ee 


holds at all points inside the unit circle and f(2) is a non-Euclidean motion 
of the form 


— (1+ 2) — (% +2 8) (1 —2) 
10) = Gaye ee nifdaay (% > 0B real). (297.5) 


We shall now prove the second part of this theorem. If we denote by K’ 
the oricycle through z == 1 and z= 2’, then w’ = f(z’) must lie on the image 
I” of K’. If 2” is any point of the non-Euclidean ray that joins == 1 and 
z= 2', and if K” is the oricycle through z—= 1 and z= 2”, then the image 
point w” — f(z”) lies inside or on the corresponding oricycle I”, and the 
pseudo-chordal distances p(2’,2”) and p(w’, w”) satisfy the relation 


ye’, 2”) S ylw’, w”). (297. 6) 
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But by Pick’s theorem, 
yz’, 2”) = yw’, w"’). (297. 7) 


Therefore the two pseudo-chordal distances are equal, and the transformation 
w == f(z) is a non-Euclidean motion. This last fact also follows from Pick’s 
theorem. The non-Euclidean motion has z== 1 as a fixed point and is of the 
form .(295.6), so that (297.5) is established. 


The Angular Derivative (§§ 298-299) 


298. Julia’s theorem has a converse. If there exists a finite positive 
number @ which is such that relation (297.3) holds at all points inside the 
unit circle, then we can show that there exist in the disc |2] <1 sequences 
of points z, for which 


lim z, = lim /(z,) = 1 (298. 1) 
n=co nm oO 
and for which 
+ 1—If(éq) | 
lim — Mal 298, 2 
Sapo ar (298. 2) 


yo. pare (298. 3) 


of the oricycles K and I" satisfy the relation 


ar 


C= saa” (298. 4) 


But (297.3) implies that the real point += 1—2r of K is mapped onto a 
point f(x) for which the relation 


[1—#(2)| S2e (298. 5) 


holds. Comparing the last relations, we find that 
1—I|f@)| — J1—f-)| @ a 
jag ee So Pea 28-6) 
Passage to the limit yields 
_ 1—if _  |l—f 
lim <5 S lim Jamil Sa, (298. 7) 


z=1 z=1 
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from which our above statement follows immediately. We are now able to 
determine the smallest number a) for which the given function f(z) satisfies 
relation (297.3) at every point of the disc |z| <1. By (298.7), ay cannot 
be less than 

— 1—<-*# 

sul 
On the other hand, if a» stands for this expression, then there are sequences 
of real numbers z, for which 


lim x,, = lim f(x,) = 1 (298. 8) 
m= 00 n= co 
and 
i 1— 
lim cee = (298. 9) 
% = 00 n 


holds. Hence by the preceding two sections, we may also substitute the 
value a» for a in relations (298.6) and (298.7), and (298.6) then implies that 


lim 1—If(#)| <iim 11 —H(+)| < 
1—+# l1—-s* 
ez] *=1 


while a comparison of (298.10) with (298.7) yields the fact that the two 
limits exist and are equal, so that 


Xp, (298. 10) 


 2—If*)l 11 Fa) 

lim Spay <= lim Tag Xy- (298. 11) 
kz] a= 

The non-zero number ay which we have thus determined is positive, by 


(296.3) ; hence (298.11) shows that 


wo Loita 298, 12 
0 fel Ge) 

If we set 
1— f(x) =Ae®, (298. 13) 


where 4 is > 0 and # is real, we obtain 


1—if@)l _ 2 cos #—A 

11—f4)] 14 YI=ZH cos H+ 2 © 
If x tends to unity, then (298.13) shows that 2 must go to zero, whence cos # 
and therefore also e* must, by (298.12) and (298.14), go to unity. Since 


1 — f(x) =|1— f(x)” 


holds, we have thus obtained the following theorem: 


(298. 14) 
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For all functions {(2) of the type considered in this section, and for real x, 
the limits 


tim SOT tim HN tim 


x=1 z=1 a=1 


1 — } (x) 
=a (298. 15) 
exist and are equal to each other. 


299. The last result can be extended from real values x of g to sets of 
complex values of zg that lie in a triangle having one of its vertices at z= 1 


Fig. 37 


and having the opposite side 4B within | z| <1 and perpendicular to the 
real axis (see Fig. 37). 
By § 215, Vol. I, p. 215, all points 2 of the triangle 4 B1 satisfy the relation 
ji—z| 
S—-"— <M <oo. 
1—[2| 
Hence if {2,} is any sequence from the triangular region that converges to 
g=1, we have 


1—If@n)| — Ji — Hep) | 1 — (Zp) 
1—|z,| = 1—}z,| <u |i=Me. e222) 
Unless for all such sequences we have 
ding seta os (299. 2) 


1— 
% = 00 *n 


it follows from Julia’s theorem that (297.3) holds; there must then exist a 
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number a) < a that equals each of the three limits corresponding to those 
in (298.15). 

In this latter case, we denote the altitude of triangle 4B1 by h (cf. Fig. 37) 
and introduce the notations 


_ R(l—2,) _ Xo my 
Tn a = (299. 3) 
We also set 
1—z=7,(1—1, 1-12) = 0, (1-9, (). (299. 4) 


From the geometric interpretation of Julia’s theorem (cf. § 297 above), it 
follows that the functions ®,(¢) are of bound one in the disc |#| <1 and 
constitute a normal family. Relations (299.3) and (299.4) imply that 


_ te)—1 
®,(¢) —1= = ¢-) ~1 (1— a), (299. 5) 
where ¢ and 2 are related by equation (299.4). In particular, if ¢ is real then 
for every value of n, the corresponding ¢ equals a real number +,, and from 
lim 7, = 0 we obtain 


tim )—1_ 1, lim, () =. (299. 6) 


n= 00 9 (%, — 1) % = 00 


Hence by Vitali’s theorem (cf. § 191, Vol. I, p. 189), the ®,(¢) converge 
uniformly to # on every closed point set contained in the disc |¢| <1. 
We now return to the original sequence of z, and we define the numbers 
t, by the equations 
1— 2, =r, (1— th). 


Then by (299.3), all of the points ¢, lie on the side 4B of the triangle 4B1 
(if we consider the triangle as lying in the disc | ¢ | < 1). Hence it follows from 
the last result above that if we set 


®,(¢,) =tat+Tnr (299. 7) 
then lim t,==0. Equation (299.5) yields 


1— (Zn) ko Tt 
Laz, 114 (La) (1- mn): 
Here, 
limy, =limt, =0, R(1—z,) =4h, 


n=Cco nm=0co 


whence 


32 Part Six. I. Bounpep FUNCTIONS 


eed La Re ae (299. 8) 


n=o 1—2, 


By (299.6) and by § 188, Vol. I, p. 187, the derivatives ®,’(t) likewise form 
a sequence that converges uniformly to unity on the side AB of the triangle 
AB\1. But by differentiating equations (299.4), we obtain 


#,(t) =f) 2, (299. 9) 
so that 
fn) = Ton ey Palle), 


lim f'(z,) = a. 


n=Co 


(299. 10) 


We have thus proved the following theorem on the angular derivative : 

Let {(2) be a function of bound one in the disc |z| <1,,and consider any 
triangle in this disc that has one of its vertices at 2==1. Then for any 
sequence {2,} of points from the interior of the triangle that converges to 
g==l1, the limit 

lim 1 — flén) 


1—z, 


(299. 11) 


m=CO 


exists and either always (that is, for every such sequence) equals infinity or 
always equals a positive number ao. In the second case, we also have the 
relation 

lim f'(zn) = %, (299. 12) 


% = 00 


and we refer to this number as the “angular derivative” of the function f(z) 
at the point z==1. 


Further Properties of the Angular Derivative (§ 300) 


300. The following remark gives a criterion for the existence of the angular 
derivative that is very convenient in many applications. From the results of 
the last sections it follows that a function f(z) analytic in the disc |2| <1 
has an angular derivative at the point z== 1 if, first, f(z) is of bound one 
in | z| < 1, second, the relation 


lim f(x) = 1 


#=1 
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holds for real values x of 2, and third, | f/(~)| < M holds for ~ < # <1, 

where ro is a suitable number between 0 and 1. The third condition may 

also be replaced by lim |}’(x)| <M. These conditions are sufficient, since 
z=1 


we may write 


1 Hea) =| Pe) a] SM(1—x), m1<x*<1. (300.1) 


As a first application of this criterion, we can easily show that if f,(z) and 
fe(2) are two functions of bound one in | z| < 1 and if 


1) =A) fa), (300. 2) 


then each one of these three functions has an angular derivative at ¢== 1 
provided that the two others do. In fact, from, say, 


lim /(x) = lim f,(x) = 1 
a=1 


kul 
it follows that 
lim /,(x) = 1. 
a1 
Also, 


voy _ 12) — fale) He) 
BQ) = Fay 


so that f.’(z) is bounded in some interval ro << x°< 1. If we denote the 
angular derivatives of the above functions by a, a,, and az, then 


g= Oy + Xe, (300. 3) 


which implies that a =a, and a= a. 

Next we shall prove that if {f,(z)} is a sequence of functions each of 
whose terms f,(z) has an angular derivative a, at the point z= 1, then any 
non-constant limit function f(z) of the sequence also has an angular deriva- 
tive a at g== 1 provided only that the sequence {a,} has a finite upper bound; 
in this case, 

as lim Xn 
n=C0O 
holds. 

To prove this, we note that at every point z of the disc | z| < 1, the follow- 
ing relation holds: 


fl) I—al? 


T—1f,()12 = %" 1 ait (300. 4) 
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Also, in the sequence {a, } there is a subsequence @p,, %,,,--- that converges 
to lima, ; using this subsequence to pass to the limit in (300.4), we obtain 


felt o); |1—2/? 


Ter HS Te for |z}<1, (300.5) 


and our statement now follows from §§ 296 ff. 


The Angular Derivative and the Zeros of a Function (§§ 301-304) 


301. We consider the unit function 


E() = — f=. A (301. 1) 


and we note that 


E(1) = 1, 
eine, Bae, Tesi (301. 2) 
@) = I—z,  (1—% 2)?" 
Therefore the function E(z) has the angular derivative 
’ , 1— 2 
a’ = E'(l) = qo (301. 3) 


We now consider an analytic function f(z) that has a zero at == 2, and 
an angular derivative a at z= 1. If we set 


f(2)= Ez) fi(z), 


then f,(z) must be of bound one and has, by the preceding section, an angular 
derivative a, for which a=a’+ a, holds. This together with (301.3) 
yields the inequality 


1—[4l? 
an ar 


(301.4) 


Remark. If 2, == 0, then a’ = 1 and q = 1, whence we immediately deduce 
the following theorem of Loéwner: 

Let w== f(z) be a function of bound one in | 2z| <1 for which f(0)=0, 
and assume that this function maps an arc of length s of the circle |z|==1 
onto an arc of length o of the circle |w|==1. Then we must have o Zs. 


302. Let f(z) have the angular derivative a and a finite or infinite number 
of zeros z,. Then by the preceding section, 


THE ANGULAR DERIVATIVE AND THE ZEROS OF A Function (§§ 300-302) 35 


1— 1—tlal? 
a2 Dae (302. 1) 
From § 158, Vol. I, p. 154 and from Fig. 38 below, we infer that 


1 —|z|? re qv pv a Ce l+ *, 
era a ee i (302. 2) 


This observation enables us to determine the most general distribution of 
zeros 2, for which 


Satis (302. 3) 
holds. To this end, we choose any sequence of positive numbers @, for which 
a’ = Ze, (302. 4) 

holds ; we then determine x, from the equation 


1+ % 
ae (302. 5) 


and we finally construct the oricycles (cf. § 83, Vol. I, p. 79) through z= 1 
and z= x,. If we now choose an arbitrary point z, on each of these oricycles, 


( ~~), 


Fig. 38 


relation (302.3) ensues. If there are infinitely many numbers 9,, the points 
z, can always be chosen in such a way as to make the set of their points 
of accumulation coincide with any pre-assigned closed subset of the circle 
|2|==1. In particular, the point g== 1 may be the only point of accumula- 
tion. We now introduce the unit functions 
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k 
f.2) = [J E.@ (k= 1,2,...), (302.6) 
val 
whose respective angular derivatives are given by 
k 
a= >" 9,. (302. 7) 
ven) 


Let {fng(2)} be a convergent subsequence of the sequence {f,(z)}, and let 


(2) = lim f,,(z) (302. 8) 
joo 
be the limit of this subsequence. If G, is a subregion of the disc |z| <1 
that does not contain any of the points z,, then all of the /,,(z) are + 0 in G,. 
Hence by Hurwitz’s theorem (cf. § 198, Vol. I, p. 194), g(2) is either the 
constant zero or a non-constant function of bound one having its (single or 
multiple) zeros at the points z,. In the latter case, y(z) must have by § 300 
above, an angular derivative a* for which 


a* Slim a,,= 


f= 00 


holds. But since we can write 
(2) = Fag(2) Sn lz ) (j= 1,2,...), 


it follows that, on the other hand, «* > «,, (j= 1, 2,...), whence we see that 
the angular derivative of y(z) at z==1 must equal a’. 
If all z, + 0,then (301.1), (302.6), and (302.8) yield 


g(0)| = IT |E,(0)| = IT lz,|. (302.9) 
Setting 
|z,| = 1 7 ey» 


we obtain by our construction above that 
e,=1—|z,)S1+4%,<2¢9,, 


which implies that the sum > é, is finite. Hence the product on the right- 


hand side of (302.9) is fikewiea finite and different from zero. In this case, 
therefore, p(z) is not a constant, and this holds also in the case that a finite 
number of the z, are zero. 
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Now let 
(2) = tim fy (2) 


be a second function that fits the specifications laid down for w(z). Then 
for every natural number j, 


| v(z)| S |fn,(2)| 


holds, so that | y(2)| S| y(z)|. But in the same way it follows that | g(z)| < | y(z)|, 
and we therefore conclude, by § 144, Vol. I, p. 139, that 


vlz) =e gz) for |z| <1, 


where # is a real number. Since each of the functions g(z) and p(z) has 
an angular derivative at z= 1, it follows that if we approach z= 1 along 
a straight line then 


lim g(z) = lim y(z) = 
zal s=1 
whence e? = 1. 
Using the same argument as in the proof of Vitali’s theorem (cf. § 191, 


Vol. I, p. 189), we find that the sequence {f,(z)} itself converges in the 
disc | 2| <1 and that the equation 


1) = [J E,@2) (302. 10) 


defines a non-constant function of bound one having the angular derivative a! 
and the zeros z,. 


303. Let 2 be a point of the disc | z| <1. If f(z) has an angular deriva- 
tive a at == 1 and if we set 


_ 1-2 _ A-Ie) 
uy. 2-4, 1-Ad py 
g (2) oe 1—A (1—Zf{2))* f@), 
then g(z) has an angular derivative 
=e 
B= el) = aatee (303. 2) 


If we dénote the zeros of g(z) by 2, —they are the points where f(z) assumes 
the value J—we have by (302.1) that 
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> [LAr 1 fer? 
2a) ee (303. 3) 


and this inequality cannot be sharpened. 


304. Let @ be assigned, and let x be a point of the negative real axis that 
lies inside the unit circle. For every point z, lying within the oricycle through 
==] and z= +, we have 

1—|z,|? 1+ 

jl —2z,|? > 5 ea (304. 1) 
If we denote by n the number of A-places of f(z) within the oricycle (i.e. points 
within the oricycle at which f(z)==4), then by (303.3), 


1—|a|? 1—% 


nae ate (304. 2) 
The disc { | <r < 1, where + = —,y, lies within the above oricycle. Hence 
if mo is the number of A-places of f(z) in the disc | z| <7, then 

mag en ae (304. 3) 


If in particular we set 4==f(0), we must have = 1 for all r > 0, and 
we obtain 


1 — f(0) |? 
2 tie ie (304. 4) 


This inequality cannot be sharpened, and it is clearly better than (296.4). 


An Application of the Poisson Integral (§§ 305-306 ) 


305. Consider a real function y(¢) that is defined and sectionally con- 
tinuous on the unit circle | | == 1 and whose values lie between two positive 
numbers a and 8. We wish to construct a function that is analytie in the disc 
|2| <1 and whose modulus on the boundary of this disc coincides with 
wp(¢) at all those points at which y(C) is continuous. 

To this end, we substitute 


p(t) = 1 ple) (305.1) 


in the integral on the right-hand side of (148.11), Vol. I, p. 145, and we obtain 
in this way a function g(z) whose real part is represented by a Poisson integral 
(cf. § 151, Vol. I, p. 147) that is continuous and equal to /y(C) at all points 
of continuity of y(¢). Then the function 
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H(z) = &” (305. 2) 


is regular and distinct from zero in the disc | z | < 1, and the modulus | f(e*) | 
coincides with p(e*) at all points of continuity of y(¢). Thus we see that 
within certain limits, we can assign the values of | f(z) | at will. Of course, 
the function f(z) constructed above is not the only one that satisfies the re- 
quirements, since every function of the form 
Pr(2) = f(z)E(z), 
where E(z) is any unit function, will do as well. 
306. The construction given in the preceding section enables us, in par- 
ticular, to obtain functions f(z) of bound one devoid of zeros in | z| < 1 and 
equal in modulus to the constant «<1 on a given arc a of the unit circle 


E 


Fig. 39 


and equal to unity on the complementary arc 6. For such an f(z), the real 
part of If(z) equals the product of Ju by the harmonic measure (cf. § 158, 
Vol. I) of the are a. By § 158, Vol. I, p. 154, the level lines of | f(z) | are 
in this case arcs of circles that connect the end points of a. If we denote 
once more by 6 the angle between such a circular arc and the arc B (cf. Fig. 23, 
Vol. I, p. 156), then on the circular arc we have, by (158.5), the relation 


[#@)| = ws. (306. 1) 


This particular function is used as a majorant in many proofs. 


Continuity of Bounded Functions under Approach 
Within a Sector (§§ 307-308) 


307. Let f(z) be of bound one in the disc |z—i| <1. We consider 
two chords 4O and OB of equal length (see Fig. 39), and a Jordan arc y 
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that joins the point O to a point E on the boundary of the disc and lies within 
the sector bounded by the rays OA and OB. Let us assume that on », 


If)|Su<t (307. 1) 
holds. The arc y divides the disc into two regions G, and G2, each of which 
is bounded by a closed Jordan curve. 


Now we construct, as shown in the two preceding sections, two auxiliary 
functions ¢,(z) and q2(z) regular and non-zero in the disc | z—i| <1 


E 


WW 


Fig. 40 


which are such that | gi(z) |= on the arc OB and | g:(z)| == 1 on the 
arc BEAO, while | po(z)| == on the arc AO and | g2(z) |= 1 on the 
arc OBE A. 

Each of these functions exceeds y, in absolute value, at every interior point 
of the arc y. This implies that 


| fl2)| < | px(2)| 
#2) < | pal) 


in the region G,, and hence in any case 


I1(2)| < max (| ¢,(2)], | pa()]) (307. 2) 


for all points 2 of the disc | z—i| < 1. 

Now let M, and M, be the midpoints of the chords AO and OB (see 
Fig. 40 above), and consider the circular arcs BNM,O and OM,NA. On 
the first of these arcs, | gi(z) | is a constant and equals a number y*), where 
k(8) is between O and 1 and can easily be calculated from formula (306.1). 
Similarly | p2(z)| is constant on the arc OM,N A and also equal to pk). 


in the region G,, and 
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Hence in the lens-shaped region OM,NM,O we have 
max (|9,(2)|, | ¢2(z)|) < w*, 
so that by (307.2), 
IH) < oh”, (307. 3) 


and thus for all sequences {z,} of points inside the sector 4 OB that converge 
to the point O, we have that 


lim | /(z,) |S u*®. 


308. Let us now assume that f(z) is of bound one in the disc | z—i [<1 
and that f(z) converges to the number a as z approaches the point O along 
the curve y. Given any positive ¢, we choose fy so small that 


moO<e 


holds, and construct in the disc of Fig. 39 the circle | zig | =, where we 
select @ sufficiently small to insure that on the intersection OF, of y and 
|s—io| < g, the inequality 


te) —@ 
2 


< Mo 


holds. Now we apply the results of the preceding section to the function 


f) —4 
2 


, 


and the disc | z—ig|<, obtaining a lens-shaped region with an angle 
> a— 28 which is such that in its interior, 


|f(2) —a|<2e 


holds. From this it follows that f(z) converges to @ for any approach of 
2 to O within the angular sector 4OB. We have thus proved the following 
theorem : 


If the bounded function f(z) converges to the number a as z approaches 
the boundary point O along a Jordan arc y, then f(z) converges to a also 
if 2 approaches O along any other Jordan arc y' ending at O and lying entirely 
within the angular sector AOB. 
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Two Theorems of E. Lindel&f (§ 309) 


309. A slight modification of the above construction yields the following 
theorem, which is due to E. Lindelof: 

Let f(z) be regular and of bound one in the disc |z—i| <1. Let f(z) 
‘be continuous at every point £ of an arc OCB of the boundary of the disc 
(see Fig. 41 below), and assume that f(¢) converges to 0 as ¢ approaches 


E 


Fig. 41 


O along this arc. Then the function f(z) is continuous at O whenever z 
approaches O from within the circular segment OCB AO (where AO is the 
chord, not the arc). 

To prove this theorem, let us first consider a circular are CNO that is 
tangent to the chord AO at O and whose radius is arbitrarily small. Let 
y(2) be the non-zero analytic function in the disc |z—i| <1 whose 
modulus equals the constant » on the arc OC and equals the constant unity 
on the complementary arc. Within the lens-shaped region OCNO, we then 
have 


le(2)| < x". 


If we choose “= max | f(¢)| on the arc OC, then the following relation 
holds everywhere in the disc |z——i| <1: 


IM2)| S| ¢@)I- 


As C tends to O, u and 4 converge to zero. This implies that f(z) is con- 
tinuous at O if z is allowed to approach O from within an arbitrary segment 
OCBA’O of the circular disc, where A’ may be arbitrarily close to 4 on 
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the arc AB. But since the choice of A itself was arbitrary, we have thus 
proved the theorem stated at the beginning of this section. 

It is noteworthy that the conclusion of the theorem does not depend on 
the behavior of the function f(z) on the are 4 O. 

If f(¢) is continuous on the arc AO as well and if the limits of f(C) for 
¢— 0 exist and are equal to a and to b for € on AO and on OB respectively, 
then these two limits a and b must be equal provided only that f(z) is bounded. 
For by our last result, the function f(z) must converge along the diameter E O 
to both a and 6. In this case, f(z) is continuous at OQ, relative to the entire 
closed disc, Hence if a + 6 for a function f(z) that is regular in | z—i| <1 
and satisfies all of the above continuity conditions on the boundary, then f(z) 
cannot be bounded. In fact, in this case every point w of the complex plane 
must be a boundary value of f(z) at O. This is clear for aa and wb; 
but if w is different from both a and b, then it follows from the result just 
obtained that the function 


x 
Hz) —@ 


cannot be bounded in any neighborhood of the point? O. Therefore w must 

be a boundary value of f(z). Note, however, that even if a==b the function 

f(2) may still have an essential singularity at O. In this case, f(z) is of 

course not bounded. An example of this possibility is given by the function 
1 


Ha) =e *. 


These results are also due to Lindelof. 


Fatou’s Theorem (§§ 310-311) 


310. In this and in the next few sections we shall derive several facts that 
require the use of the Lebesgue integral. The most important and remarkable 
theorem of this kind is due to P. Fatou (1878-1929), which we state as follows: 

Every single-valued analytic function f(z) bounded in the disc |e|<lis 
continuous, under approach within an angular sector (cf. § 307 above), at a 
set of boundary points on | 2|==1 whose linear measure always equals 2n. 


* For, any neighborhood of O contains some lens-shaped region F that is the intersection 
of the disc |z—i| <1 and a disc | z|< 8 As shown in § 314 below, we can map this 
region F onto the disc |u—i|<1 by means of a function s=(u). By the result 
obtained in the present section, the function g(«)=f(w(u)) cannot be bounded in 
|~—i|<1, so that the function f(z) cannot be bounded in the region R. 
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In other words, the exceptional points, at which 


lim f(r e*®) - 

r=1 
fails to exist, always constitute a set of linear measure zero. To be sure, for 
certain functions this set of measure zero may be very complicated; it may, 
for instance, be everywhere dense and non-denumerable on any arc of the 
boundary | z |= 1. 

Because of the result obtained in § 308 above, we need prove the theorem 
only for radial approach to the boundary. Also, we may assume without loss 
of generality that (0) 0, since this can always be achieved by merely 
adding a constant. 

Let f(z), then, be regular in | z| <1, and let | f(z)| <M in this disc. 
We introduce the function 

f rae 
rf z, 
F(o, 9) = i Ho &*) do = i 10 ae, (310. 1) 


e 


The second integral in this relation can be taken along any path that joins 
the points z= @ and z= g e'* and lies entirely within | z | < 1, since f(s) /iz 
is regular in the disc |z| <1. Thus F(e,#) is a single-valued function in 
|2| <1, whence in particular, 

F(o, — x) = F(o, x) (310. 2) 


follows. Now by (310.1), 


tie 

4 

[Ral <2M|Ae|. (310.3) 
iD 


ee 


e+de le 
|Fle + 4g, 8) — Fle, #)| s| [az| + 
@ 


Here we have used the fact that 


Wl<cm 
z& 


holds, by Schwarz’s Lemma. On the other hand, if we fix g and let # vary 
we obtain 


|F(o, & + 48) — F(o, 3)| < M| 48}. (310. 4) 
From (310.3) we infer that 


F(8) = lim F(g, 8) (310.5) 
e=l 


Fatou’s THEOREM (§ 310) 45 


exists for every #, and that the convergence is uniform. By (310.4), the 
function F(#) satisfies the relation 


F (6+ 48) — F(a) 
Ad s M, 
from which we see that F(#) is continuous and that its difference quotients 
are bounded. 

We now set z = 7 e'8and apply the Poisson integral to the circle |z|=e<1, 
where 7 < Q, obtaining 


o?— 7? 


TF pcg 
f@) = zz | Hee") Poirecs (phir 


Upon integrating by parts, we see from (310.2) that the first resulting term 
(the one which is not an integral) vanishes, so that 


og? — v8 


(2) a-ae/F (0 9) ¥ 0? —2 re cos (p — Da YP: 


The left-hand side of this equation is independent of @. Since the integrand 
converges to a continuous function of y as @ tends to unity, we may set 0 = 1 
in the last formula; obtaining 


1—,r 


f(2) --4 fF (y *) ap 1 —2r cos (p— 8) +7? ap i270 .8) 


An analogous formula holds in the case that f(z) is a constant C; for in this 
case, we can write 


1—r 
c= x [c- i—tres(paatn 


which after an integration by parts yields 


Cc (1 — r?) 1—r 
aS 1+ 27rcos$ + 72 ~a [Coe 1—2rcos(p—8) 7? dg. (310. 7) 
In particular, for C—1 and #0, 
1-73 1—y? 2 
~ aq | 0 ap Totem POT Gee a (310. 8) 
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Let e* be a point of the unit circle at which F(q) has a finite derivative 
F’(9,). We shail show that in this case, 


lim f(r e'**) = F'(3,) (310. 9) 
r=] 
holds. Here it suffices to take #, =O, since we can reduce the general case 


to the special case #, = 0 by a rotation of the coordinate system. By (310.6) 
and (310.7), 


f(r) — F'(0) 
1—,r 


A l—r 1 d 
=F) 57 ~ aa] Fe) 9F Og aaa 


beets 


a 


Now we select a positive number, 4 < 2 and set 


L—r? 


a 
1 : d 
Ho, 2) =~ 5, [ FO) - oF Ol paasetc ee Me (310.10) 
-4 


and 
mz 


Jind) =— 52 f i in J } (310. 11) 


(with the same integrand), so that 


Hr) FO) =—F'() = + HA + Ja) (310,12) 


holds. If we note that (310.1) and (310.5) imply that F(0) =O, and if 
we set 


F(y) = F'(0) + v n(¢), (310. 13) 


and denote the 1. u. b. of | (q)| in the interval from —A to 4 by h(A), we 
find that 


lim A(A) = 0. (310. 14) 
4=0 


From (310.10) and (310.13) it follows that 


2 
1 d 1—?r 
Hr.) =— 7, [ 910) ie Trappe 
-A4 


and if we note that 


r 1_rf ar(l—rigsing 9 (310. 15) 


=e dp 1—2rcosp+r?  § (1—2rcosp+ 2)? = 
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holds, we obtain 


2 
A(A) d 1—r 
|H(r, a)| s— 22 ? ip 1—2rcosp+r? dp 
“3 
<_ ) Pig 1—+ 


an J? dp 1—2rcosgp+r? dy, 


— 


and hence finally, by (310.8), 


[H(7,a)| < 244 <n. (310. 16) 
1 


In order to obtain a bound for J(r, 4), we first observe that by (310.4) and 
(310.5), 


|F(p)|<2M 


holds in the interval of integration, and that in the same interval, we have 
(cf. § 152, Vol. I, p. 148) 


d 1-—?r 


a 2 2r (1 —r?) 2(1—?r*) 
dp 1—2rcosy+?7? 


(1 —2rcosd + r?)? (1 —cos? A)? * 


Hence (310.11) yields 


|Fir,a)| < SZ OW) 4 _ yay, (310. 17) 


sin* J 


Finally, we obtain from (310.12), (310.16) and (310.17) that 


[/r) — FO) < na) + {22 STEN 5 FO Lr), (310.18) 


sin* 4 (1 + 7)? 
Given any positive number ¢, then by (310.14) we can choose 4 so small 


that h(A) < 2/2. It then follows from (310.17) that for sufficiently small 
values of 1 —r’, 


lf) — F')| < e. (310. 19) 


We have thus derived as a first result the fact that for every ® where F(#) 
is differentiable, the given function f(z) converges to the value F’(#)) as 
2 approaches ¢* radially. 

To complete the proof of Fatou’s theorem, we shall now make use of the 
following basic theorem of Lebesgue: If a real function is defined on an 
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interval I and if its difference quotients are bounded on I, then the function is 
differentiable everywhere on I except possibly on a set of linear measure zero. 

According to this theorem, both the real and the imaginary part of F(@) 
are differentiable except at most on a set of measure zero, and this, together 
with the preliminary result stated above, proves Fatou’s theorem. 


Fig. 42 


311. We shall prove next an important generalization of Fatou’s theorem. 
We consider a function f(z) that is regular or merely meromorphic in the 
disc | z| <1 and the boundary values of which at a certain point ¢ of the 
boundary | z | = 1 fail to cover the Riemann sphere completely. Then there 
exists at least one number @, finite or infinite, that is distinct from every 
boundary value at ¢. 

If w == oo then the function g(z) = f(z) is bounded in a certain neighbor- 
hood of ¢ within the disc. If @ is finite, the same statement holds true for 
the function 


1 
&(2) re 12) —o" 


In either case, g(z) is bounded in a certain lens (see Fig. 42 above). This 
lens can be mapped onto the disc | «| < 1 by means of a function z= p(w). 
composed of elementary transformations (cf. §314 below). The function 
g((#)) is also bounded in | «|< 1, so that Fatou’s theorem applies to it. 
Interpreted in terms of the original function f(z), this means that the con- 
clusions of Fatou’s theorem apply to f(z) in a certain neighborhood of the 
point ¢. 
This means that if the boundary points for which 


lim f(r e'*) 


r=1 


> Cf. C. Carathéodory, Vorlesungen iiber reelle Funktionen, 2nd edition (Chelsea Pub- 
lishing Co., New York 1948). p. 589. 
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fails to exist constitute a set of positive Lebesgue measure on every boundary 
arc that contains the point [, then the set of boundary values of f(2) at € must 
cover the entire Riemann sphere. 


Generalization of Poisson’s Integral (§ 312) 
312. The method by which we proved Fatou’s theorem will also enable us 
to greatly generalize the theory of the Poisson integral. 
Let f(z) be a real function that is bounded and Lebesgue-measurable’ in 
the interval —rn<g<ax. If we set z=re®, the formula 
1—?r? 


1 cia 
U(r, 3) = x | to) [Hares H+ (312. 1) 


defines a function that is harmonic in the disc |z| <1. The function 
2 
F(g) = f #(9) a8 
a 


is continuous and has bounded difference quotients that are subject to all of 
the pertinent inequalities of § 310 above. It follows that for all q for which 
F(q@) has a finite derivative F’(~), the equation 


lim U(r, g) = F’(g) (312. 2) 
r=1 


holds. But by a theorem of Lebesgue theory,? we have 


F'(y) = K9) 


except possibly on a set of measure zero, whence we deduce that everywhere, 
except possibly on a set of measure zero, 


lim U(r, 9) = f(g). (312. 3) 
r=1 


This result should be compared with Schwarz’s theorem of § 150 ff., Vol. I, 
p. 146 ff. 


* Carathéodory, loc. cit. p. 374 ff. 
* Loc. cit., p. 589. 
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The Theorem of F. and M. Riesz (§ 313) 


313. We shall now prove the following theorem: Let the function f(z) be 
analytic and bounded in the disc |z| <1, say | f(z)| <M, and let e bea 
Lebesgue-measurable point set on the circle | z|==1 which ts such that 


lim f(r e*®) 

r=1 
exists and equals zero at every point of e. Then if the Lebesgue measure 
m(e) of e is positive, the function f(2) must vanish identically. 


To prove this, let e’ be the set that is the complement of e on |z|—1, 
and let us assume first that the Lebesgue measure of e’ is positive. Let u(r e**) 
be a harmonic function that assumes the constant value A/m/(e) almost every- 
where on e (that is, everywhere on ¢ except possibly on a subset of measure 
zero), and the value A/[m(e) — 22] almost everywhere on e’. Here, A stands 
for an arbitrary positive number. Then it follows from the preceding section 
that 

A 
mile) 


u(0) = m(e) » 4 + [20 — m(e)] 


m(e) ~27 = 


Let v(re*) be the harmonic function conjugate to w (7 e**), which we can and 
do choose in such a way that v(0)=0 (cf. § 150, Vol. I, p. 146 ff.). Then 
the function g(z) = e**+*" is regular inside the unit circle and satisfies g(0) = 1 
and |g(z)|=e". Therefore |g(z)| is bounded in the disc | z| <1, just as is 
u(z). Also, according to the result of the preceding section, the following 
relation holds almost everywhere on e’ for the radial limit of g(z): 


A 


lim |g (7 e**)| = emt) 2x, 
r=l 


The function f(z)g(z) is likewise analytic and bounded inside the unit 
circle. Hence by Fatou’s theorem, we can apply the Cauchy Integral Formula 
to this function not only for the circles | z|==7 < 1 but even for the unit 
circle | z|==1 itself, since by a well-known theorem of Lebesgue we can 
in the case of bounded sequences interchange the two operations of taking 
the limit and of integrating. In particular, by formula (135.5), Vol. I, p. 132, 
we have 


HO) = 10) (0) = sa f He”) ele’*) dp = 5 | He") 8) de, 


since the integrand is zero on the set ¢. From this it follows that 
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|#0)| = 


A A 
[te g(e**) iv S75 em -¥e [| He%*)| dp < Meme -2 | 


Here, A may be any positive number, as large as we please; hence f(0) 0. 

Now if we set /,(z) = f(z)/z, then f,(z) is also bounded, and its boundary 
values agree with those of f(z) in modulus. Therefore we may apply the above 
discussion to f,(z) in place of f(z) and conclude that f,(0)==0. Similarly, 
the functions /,(z)=/,,(z)/z, (w=2,3,...) must vanish at z=0, so that 
by § 143, Vol. I, p. 138, we must have /(z) = 0. 

If m(e’) = 0, then it follows from well-known properties of the Lebesgue 
integral that f(z) must vanish identically, and we have thus completed the 
proof of the theorem of F. and M. Riesz. 

At the same time, we have obtained the following result: 


If f(2) is @ non-constant bounded function in | z| <1 and a any complex 


number, then the set of points on the boundary | 2 | = 1 at which f(z) assumes 
the value a is of linear measure zero. 
Hence for any given arc on |z|=1, the values assumed by the radial 


limits—the existence of which is insured by Fatou’s theorem—form a non- 
denumerable set of numbers. For, the union of denumerably many sets of 
measure zero would itself amount to a set of measure zero, so that its measure 
could not equal that of the given arc. 


CHAPTER TWO 
CONFORMAL MAPPING 
Elementary Mappings (§ 314) 


314, We can map certain simple regions onto the interior | z| < 1 of the 
unit circle by combining Moebius transformations with the elementary con- 
formal mappings that we studied in §§ 246 ff. and 254 ff. (Vol. I, p. 256 ff. and 


yy 


X 


Uo 


p. 263 ff.). The two most important cases that we shall need in the sequel are 
that of the general lens and that of the crescent of angle zero.’ 

Consider the region bounded by two circular arcs (see Fig. 43) that inter- 
sect in the two points wy and w, at the angle 22, where 0 << 4 < 2. In order 
to map this region (the “general lens,” or “general crescent”) onto the disc 
|2| <1, we first set 


Fig. 43 


w= of? Se. (314.1) 


w—wW, 


This transformation maps the lens onto an (infinite) sector bounded by two 
rays emanating from «==0. Let us choose # in (314.1) in such a way that 
one of these rays coincides with the positive real axis. Then if we set 


vawiaet, (314.2) 


*The terms lens and crescent are applied to any region bounded by two intersecting 
circular arcs. (The German term is Kreisbogenzweieck.) 
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the above sector is mapped onto the half-plane Jv >0 (ef. § 255, Vol. I, 
p. 264), and this half-plane can be mapped onto the disc | z| < 1 by means 
of another Moebius transformation, for instance by 


v—it 
v+i 


z= ‘ (314. 3) 


The desired mapping function is the product of the transformations (314.1), 
(314.2), and (314.3). We note that the two boundary arcs of the lens are 
mapped analytically onto two complementary arcs of the circle | z|—=1, 
except that the analyticity of the mapping breaks down at the two “vertices” 


Fig. 44 


of the lens; but even at those, the mapping is still continuous. 

The limiting case 42 can readily be given a meaning, as follows: It 
represents the mapping of the complex plane with a cut along a circular arc, 
onto the interior of a circle. 

Returning to the general case, it is easy to verify that any given arc of a 
circle in | | < 1 that connects the images on | z| = 1 of w, and w, has as 
its pre-image, in the above mapping, an arc of a circle through the interior of 
the lens; and the latter arc forms with any one of the boundary arcs of the 
lens an angle that is proportional to 2; this follows easily from § 254, Vol. I, 
p. 263. At the vertices of the lens, the mapping is not conformal ; it is referred 
to, at these points, as a quasi-conformal mapping. 

If 4=0 (see Fig. 44), the two points w) and w, coincide, and with a proper 
choice of a and 8, the Moebius transformation 


ya ee (314.4) 


wW— W 


maps the given region onto an infinite strip of width 2, bounded by two 
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parallel lines one of which coincides with the real u-axis. This strip is 
mapped by 
v= e 


onto the half-plane Jv > 0, and this in turn is mapped onto |z|< 1 by 


(314.3). In this case too, there are two complementary arcs on | z | == 1 that 
are the analytic images of the two boundary arcs of the given crescent. 


The Riemann Mapping Theorem for 
Bounded Regions (§§ 315-323 ) 


315. Let a be a real number for which O <a <1. The Riemann surface 


of two sheets that is cut along | w |= 1 and has a branch point at w =a? is 
mapped by 

at—w a—z \? 

ay - (55) (315. 1) 


conformally onto the disc |z| <1. From (315.1) it follows that 


_ 2a 
~ 1+a? 


<1, #2 Cub—4). | (15.2). 


= h—z h 
ae Ct (i + a4) (1—ha)?* 


he’ 

Hence in the disc |z|1 we have dw/dz+-0 everywhere except at 
2==a, w=a, We also know from (14.11), Vol. I, p. 13, that at every 

point of this disc, 
h—z h+ |2| 

l—hze ~1+A{z|’ 


where the function 


At lz) _ (1—A) (1 —]2)) 


L+hfz| L+hle] 


increases monotonically with |z|. Then for every ¢ satisfying |z}<¢€<1 


h—-z 
—hz 


<|7| fe «<: fi (315. 3) 


|w)| =| 25 [Z| L+hg- 


In particular, 


| w(z)| < a? (315, 4) 


if we choose for ¢ the positive root of the equation 


_ 2a 
~ L+a?’ 


cfth oat, fh (315.5) 


1+at 


ie. if we set 
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fag ores var 


Tra (315. 6) 
From this we obtain 
$-a@= 72, {-1-ata*—a8+/2(1+ a4} 
Zz a(l—a)®(i +a) = a (i —a)® 
(1+a)—a*(1—a) + V2(1 +04) i—a lt+at ° 
(i532) + tate 
Since 
1—a 1+ at 
1-@io <i tetera 
we finally have 
ifs a(1—a)® 2a(1—a)® 1 
¢ a r ; (315. 7) 
We have thus obtained the following result. 
The function w= f(z) defined by (315.1) maps the closed disc 
|z| <aty 220-0" (315.8) 


conformally onto a point set lying in the interior of the circle | w | =a’. 
This result remains valid if the branch point w== a? is moved to the point 

w= a%e*® by means of simultaneous rotations of the w-plane and the 2-plane, 

through the same angle. Instead of (315.2), we must set, in this case, 


heP—z 


eo_hg 


Ww=2 


= 9a, 3, 2), (315.9) 


and we then have 


dw 24 
az Leo” h = iva > 0. 

316. Let G be a region in the disc | w| < 1 of any connectivity—finite or 
even infinite—and let A be the closed complement of G in |w|S1. We 
assume that the center of the disc is an interior point of G and that the 
distance a? between w= 0 and the set 4 is less than unity. Then A contains 
at least one point of the form 


w* = are*®, (316. 1) 


We now introduce the unit function 


he? _w, 2a 
w=, im, = g(a, 3, ®), h= laa ’ (316. 2) 
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where a and # are as in (316.1), and we denote by A; the set of points of 
the disc | w, | <1 that are mapped onto points of A by (316.2). Let aj be 
the distance from w,==0 to the set 4,. Then the set A; contains at least 
one point of the form 


wt = at e™®, (316. 3) 
As above, we set 
hy ef 2 Ws 


w, = Wy" = ofa, 91,0), =. (316.4) 


"1 __ hs we 1 + at 


Now we denote by Ag the set of points of the disc | we | 1 that are mapped 
by (316.4) onto points of A,, and we denote by a2 the distance from w, == 0 
to Az. ; 

Continuing in this way, we obtain an infinite sequence of closed point sets 
A,, Ag, ... and two infinite sequences of numbers a,, dg, ... and 0, ,,.... 
We note that all of the positive numbers a,(k=1,2,...) are <1. 

Now if ¢; is the positive root of the equation 


Iyt F 2 2a, 
ciaae = % (he = 589), 


then the transformation w,= 9 (ay, 9,,@z4,) maps the disc |wp41;|<¢, onto 

a point set of the w,-plane that contains no points of 4,. Hence we always 
have a?,,2¢,. This together with (315.7) yields 

as 3 

hyr — af 2 0, — ae > 2e 0 od C oe 


and further, since @,,, + a, < 2, 


Ayia > Gy + EE Heel (316. 5) 
Therefore 
a<ag<... 
and 
lim a, = 1. (316. 6) 
k= 00 


317. Let us consider a sequence of unit functions 
filz), fa(z), --- > (317. 1) 
defined successively by the equations 
fil) = Pa, 3, 2), Ina(2) = rlP(Gn, On, z)) (n =1,2,...). (317. 2) 


Then f,(2) is a unit function of degree 2" and satisfies /,(0) = 0, f/,(0) > 0. 
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We also note that 
w = f,(z) (317. 3) 


maps every point of the disc | z| < 1 that is not in A,—hence in particular, 
every point of the disc|z| << a23—onto a point of G. At all of these points, 
we have 

fa(2) + 0. (317.4) 


318. We shall study some further properties of the functions f,(z). Let 
0<r<1, and denote by B,(r) the point set in the w-plane that is the 
image of the closed disc | z| <r under the mapping (317.3). A point of 
B,(r) may of course have more than one pre-image in |z|7. Since 
|p(4n: On, 2)| <|2|,it follows from (317.2) that 


Basslr) £ Bal). (318. 1) 


Hence if A,(r) stands for the distance (which may be zero) between the 
two closed sets B,(r) and A, we must have 


A,() $A,(r) S++. (318, 2) 


For all » for which r < a2, the closed point set B,(r) lies in the region G, 
and we therefore have 
lim A,(r) > 0. (318. 3) 
n= 00 
A second property of the function f,(¢) may be regarded in a certain sense 
as the converse of the first. Let wo be any point of G, and let it be connected 
to w==0 by a path y» lying in (the interior of) G. Then by (317.4), we 
can find for every 1 a path y,“” that lies in | z| <1, emanates from z= 0, 
and is mapped by (317.3) onto y.. Now we can prove the following theorem: 
All of these paths y,™ he in a fixed disc 


|z| <7, (318. 4) 


the radius r, of whichis <1. 

To prove this, we first note that for every point z of y,“), we can solve 
the equation w==f,(¢) for 2, obtaining the inverse function z= g,(w). If 
we denote the minimum of the distance between y, and A by 4d, then the 
function 


y(u) = gnlw + 64) (318. 5) 


is regular and of bound one in the disc |u| <1. Hence by (290.4), we have 


|y’(0)| $1 —|y(0)|?, (318.6) 
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where by (318.5), we must set 
(0) = gale) = 2, y'(0) = Seale) = Oz 
But this implies that 
3 Z| <1—|e\?, 
whence, by integrating, we obtain 
‘i 7S s + f lal (318.7) 
Y 


The first of these integrals is equal to the non-Euclidean length A, of y.(n), 
while the right-hand side represents the Euclidean length L of y» divided 
by 6. Therefore, 


A,S 


|b 


and we need only set 


r= teh 3 <1 


to complete the proof of the above statement. 


319. We are now able to prove that the sequence {f,(z)} converges. 
Since this sequence is normal in the disc | z| <1, it contains subsequences 
{f,(2)} for which 


lim f,4(2) = 1(2); (319, 1) 
jmoo 
the convergence in (319.1) being continuous. 
Now let z be any (interior) point of the disc | z | < 1, and select a number r 
for which |z| <7 <1. We also introduce the notation 
@a= falz). (319. 2) 


Then if 6, stands for the distance from w, to A, we have by the preceding 
section that 
bn = 4,(”). (319. 3) 
Also, from (319.1), 
w = f(z) = lim w,,, 
j=co 


and by (318.3) and (319.3) we have 
lim 6, 2 lim 4,,(r) > 0. (319. 4) 


j=oo joo 
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From this we conclude that every point w= f(z) is an interior point of G. 

Let us now consider once more the paths 7, and y,(#) introduced in the 
preceding section, and let z™) be the point of y,(#) that is mapped onto the 
point w, by (317.3). If 2* is a point of accumulation of the set {2}, then 


the sequence 7, %2,... contains a subsequence n,’, 7.’,... for which 
2* = lim 2") (319. 5) 
j= 00 


holds. All of the points 2) lie in the disc|z| S7,. Hence 


fle) = lim f,,(2"") = wp. (319.6) 
I=0 

Now let y&() be the image under w==f,(2) of the line-segment joining 
z==0 and z= 2"), and let y® be the image under w== f(z) of the segment 
joining zg == 0 and z== 2*. We note that for all values of » for which a2 > 7,, 
the curve y%(m) is topologically equivalent, or homotopic,’ to the given curve 
Yw and has the same end point w). But since the curves y*(m,) converge 
uniformly to y%', the curve y* must also be homotopic in G to the curve yy. 

We have thus obtained the following result: 


Every point 2 of the disc |z| <1 is mapped by w== f(z) onto an interior 
point of the region G. For every path'y that lies in G and joins w==0 toa 
point wo, there is at least one point 2* such that 


Wy = f(2*) (319.7) 


and such that the image y% of the line-segment joining 2==0 and z= 2* is 
homotopic in G to the given path y,. Finally, at every point 2 of the disc 
|| <1 we have 


f(z) 0. 


The last statement is an immediate consequence of Hurwitz’s theorem 
(§ 198, Vol. I, p. 194) if we only note that in every disc | z| <r< 1, the 
derivative f,’(z) is 4-0 for all sufficiently large ». Therefore the function 


z= g(w) = lim g,(w) 


*Two curves y, and y% lying in the interior of G and having the same end points wo 
and ww, are said to be homotopic in G if they can be approximated to any desired degree of 
closeness by polygonal paths whose union is a sum of closed polygons lying, along with 
their interiors, entirely in G. In this case, the closed curve that is obtained by taking Vy 
from w to w:, and yg back from w; to 2%», can be shrunk to any one of its points by means 
of a continuous deformation that takes place entirely within G. 
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not only exists in a neighborhood of the point w#—0 but can also be con- 
tinued along any path y, within G (cf. § 232, Vol. I, p. 236 ff.). 


320. We shall now prove, on the basis of the properties established in the 
preceding section, that the mapping function w = f(z) is uniquely determined. 


To this end, let g(t) be regular in | t | <1 and let every point ¢ of this 
disc be mapped by w(t) onto a point of the region G. Assume also 
that to every curve y,, in G that joins w— 0 to a second point w == wp, there 
corresponds at least one curve y; in |¢| <1 that joins t=0 to t=fhp. 
Finally, let y’(#)=-0 in | t| <1, let p(0)=0, and gy’ (0) >0. 

Now if ¢ is any point of |t| <1 and if y,, is the image under w= y(t) 
of the line-segment joining the center t=O of the disc to the point t, then 
by the theorem of § 319, the pre-image under w == f(z) of the curve y, is a 
curve y, that joins z= 0 to a second point z of the disc |z| <1. Thus we 
are led to a function z= y(t) regular in a certain neighborhood of t. By 
the monodromy theorem, y(t) must be a single-valued regular function every- 
where in | | < 1, and it satisfies y(0) = 0 and y’(0) > 0. By interchanging 
the roles of t and z in the above, we similarly obtain a function t =="y(z) of 
bound one in |z|< 1, which is the inverse of z= y(t) and for which 
x (0)==0 and 4.’(0) >0. But by Schwarz’s Lemma we have y’(0)<1 
and x ’(0) 1, which together with 7’(0)y’(0) 1 yield y(t) =#. There- 
fore t = 2 and 9(z) = f(z). 

By the same method as was used in the proof of Vitali’s theorem (§ 191, 
Vol. I, p. 189), we now find that the original sequence {f,(2)} itself converges 
to f(z), introduced in § 319 above merely as the limit of the subsequence {hn j(2)}- 


321. The function z == g(w) introduced at the end of § 319 need not be 
single-valued. In other words, the mapping w== f(z) may assign to two 
different points 2’ and 2” the same image point wo, so that 


fz’) = 12") = 


holds. But in this case, the images in G of the two line-segments joining 
2=0 to z=2’ and to z= 2” cannot be homotopic in G. For if they were, 
then we should be able to transform the path 2’Oz” formed by the two seg- 
ments by means of a continuous deformation into a curve Y, that joins 2’ to 2” 
and whose image in G is a closed curve y, passing through w, and having a 
diameter (as a point-set) that is as small as we please. But since f(z’) +0, 
there is a neighborhood Uy, of the point 2’ that does not contain the point 2” 
and is mapped one-to-one onto a neighborhood U,,, Of wo. This leads to a 
contradiction if the diameter of set y, is so small that this curve yy lies 
wholly within U,,,; for then y, would lie wholly in U, and thus could not 
join 2’ to 2”. 
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$22. If, in particular, the region G is simply-connected, then any two paths 
Yo and y.~ that join w==0 to w== wm are homotopic in G. In this case, 
there is therefore one and only one point Zo in | z| <1 that is mapped by 
w==f() onto a given point wo. Hence by the monodromy theorem, the 
function z= g(w) is single-valued in G and the mapping w == f(z) is simple 
(schlicht). Cf. § 200, Vol. I, p. 196. 

323. Let G be a simply-connected region of the w-plane that may or may 


not contain the point at infinity in its interior and whose frontier contains at 
least two distinct points 4; and B, (see Fig. 45 below). 


Fig. 45 


Let wy be an interior point of G that is not at infinity. We construct the 
arc A,B, of the circle determined by these three points (this arc may 
degenerate into a line-segment or into a ray). Let A be the first frontier 
point of G that is encountered on the (directed) sub-arc w.A1, and let B be 
the corresponding point on the complementary sub-arc w)B,. Then all of 
the interior points of the arc Aw,B are interior points of G, and its end-points 
A and B are frontier points of G. 

We now map the w-plane onto a u-plane, by means of a Moebius trans- 
formation, in such a way that the points A, wo, and B of the w-plane are 
mapped onto the points 0, 1, and respectively of the u-plane. The image 
of the region G is then a simply-connected region G, of the u-plane that has 
the points « == 0 and u == as frontier points and contains all of the points 
of the positive real axis in its interior. We now set «= v*; then among 
the regions of the v-plane that correspond to Gi, there is one that contains the 
point v = 1 inits interior. This region, which like G, itself is simply-connected, 
we denote by G.. It lies entirely in the half-plane Rv > 0; for if G. contained 
a point v* for which Rv* = 0, then G, would contain a Jordan arc joining 
v==1tov*. Then let P be the first point of the imaginary axis that is en- 
countered as the Jordan arc is traversed from v==1 to v= v*, and let Q 
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be the last point of the real axis encountered on the sub-arc 1P. The sub- 
arc PQ, which we denote by yo, would then lie either in the first or in the 
fourth quadrant of the v-plane. Under u =v‘, the arc 7, would be mapped 
onto a curve y, lying in G, and having its end-points on the positive real axis 
of the u-plane. By adding a piece of the real axis, if necessary, to Vy, we would 
thus have obtained a closed Jordan curve containing the point «=O in its 
interior. But such a curve cannot exist, because G, is a simply-connected 
region that contains neither «==0 nor u== o as interior points. 
Now if we set 


v—1 
i= v+1? 


then the half-plane ftv > 0 is mapped onto the interior | t| <1 of the unit 
circle | | == 1. We have thus obtained the following result : 

Every simply-connected region whose frontier contains at least two distinct 
points can be mapped onto a bounded region by means of elementary trans- 
formations. 


Combining this result with that of the preceding section, we obtain the 
Riemann Mapping Theorem: 

Every simply-connected region having at least two distinct frontier points 
can be mapped one-to-one and conformally onto the interior of the unit circle. 
The mapping function w = f(z) is determined uniquely if we assign to a given 
line element* in the region G a definite line element in the disc | z }<1. 


The Koebe-Faber Distortion Theorem (§§ 324-329) 


324, Let G be a simply-connected region of the w-plane that does not 
contain the point at infinity in its interior. Assume that the disc | w| < 1 lies 
in G and that the point w= 1 is a frontier point of G. 

Let us consider the two-sheeted Riemann surface having its branch points 
at w= 1 and w= o. The transformation 


l—w= (324.1) 


maps this surface onto the simple u-plane; the two points « = + 1 correspond 
to the two points of the Riemann surface that lie “over” w==0. 

The transformation (324.1) maps every curve in G that emanates from 
w == 0 onto two curves of the u-plane. The set of all curves of the u-plane 


* A line element consists of a point 29 along with a direction through zo. Thus the last 
condition is met if we assign, say, the conditions wo—=f(z0), f’ (zo) > 0. 
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that can be obtained in this way and that, in particular, emanate from u = + 1, 
covers a simply-connected region that we shall denote by Gy. 


u-plane 
Fig. 46 


If wu is any complex number, then the region G, cannot contain both of 
the points + 4). For if it did, then we could join these two points by a path yz 
entirely within G,; to y, there would correspond in G a closed curve yy, a 
single point ®» of which would correspond to the two end-points + up of yu. 
Since G is simply-connected, we could transform y, by means of a continuous 
deformation into a curve passing through w, and having an arbitrarily small 
diameter. But since the end-points of the image curve y, remain fixed through- 
out this deformation, we would thus be led to a contradiction. 

Equation (324.1) transforms the circle | w|==1 into a lemniscate of the 
u-plane whose equation in polar coordinates is 


eo? = 2cos29 (324. 2) 


This lemniscate (see Fig. 46 above) is symmetric with respect to the point 
u =O, and of the two finite regions bounded by its loops, one must lie 
entirely within G, while the other, by what we have just proved, cannot contain 
any point of G,. The transformation 
1—u 1—? 


t= se, w= TG (324. 3) 


maps the lemniscate (324.2) onto the closed curve C of Fig. 47 below, which 
has a double point at t= 1 and also consists of two loops. 

The transformation (324.3) maps G, onto a simply-connected region G; that 
lies wholly within one of these two loops and contains the other loop in its 
interior. Also, by elimination of u from (324.1) and (324.3), we obtain the 
equations 


_1—yi-w_ (1-yi—w)? _ At 
t= i$ yiss - / w= aya (324. 4) 
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From this it follows that for | w |= 1, 
jt] <(+ V2) (324.5) 


holds. Since the two loops of the curve C are mapped onto each other by 
1 
re 


vs 


t-plane 
Fig. 47 


we also have that for | w|==1, 


|é] > (1+ V2)7. (324. 6) 


From this we see that G; lies in the disc (324.5) and contains the disc com- 
plementary to (324.6) in its interior, Finally, if we set 


t= (i+ V2)*z, 


then G; is mapped onto a simply-connected region G, of the 2-plane that lies 
in the interior | z | < 1 of the unit circle and contains the disc |z| < (1+ /2)-4 
in its interior. Neither G nor G, contains the point at infinity in its interior ; 
therefore the point ¢=-—-1 is not in the interior of G;, and the point 
g=—(1+ y2)-2 is not in the interior of G,. 

325. Let G* be a simply-connected subregion of G that is bounded by an 
analytic curve y, and contains the point w==0 in its interior. The trans- 
formation (324.1) maps G* onto two separate regions of the u-plane, one of 
which contains the point «= 1 while the other contains u=—1. The 
boundaries of these regions are likewise analytic curves, which we denote by 
yu and yy”. If w’ is any point of y,’, then w” —— w’ is a point of y,”. The 
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two regions are in turn mapped by (324.3) onto two separate simply-connected 
regions of the ¢-plane. One of these contains the point t==0 and will be 
denoted by G,*; this region is the interior of a closed analytic curve y;’.. The 
other-region is the exterior of a closed analytic curve y;”. Since these two 
regions of the ¢-plane have no points in common, y,’ must lie inside y/”. 
Finally, the transformation t= 1/t maps the two curves y,’ and y;” onto 
each other. 


326. Before proceeding along the above lines, we shall derive in this section 
some properties of the function /z that will be needed in the sequel. We begin 
by noting that relation (159.5) of Vol. I, p. 157, viz. 


[udo=f [\f@|%dxdy> 0, 
y G 


remains valid also in the case that G is a doubly-connected region bounded by 
two curves y’ and y”, the function f(z) being single-valued in G. Then 


[udv= [ ude, (326.1) 
a v 


provided that the curve y’ is inside the curve y”. Also, if the point 2-0 
lies in the interior of the region bounded by y’, then 


lz=lee%=lotiy 
is regular but not single-valued in the annular region G. However, we still have 


plete [hedy: (326. 2) 
y 


because the differential dy is single-valued in the region G. Assume now that 
the two curves y’ and y”, like those at the end of the preceding section, are 
the images of each other under 2” = 1/2’; then 


[lodp=—fledy, 
Y ¥ 
so that (326.2) implies that 


[ledp so. (326. 3) 
Y 


Now let ¢(z) be a function that is regular and non-zero in the closed disc 
|2|S1. We set 
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F(z) =z y(2), 


Fe) = (8) e¥™, eo 


By our assumptions concerning g(z), the function Im(z) is regular in 
|2| 1, and on the circle | z | == 1 we have 


Lo(e**) = 1 Fe?) e- 9] =o +i (yp — 9). (326. 5) 
If we denote the circle | z | = 1 by » it follows from (159.5), Vol. J, p. 157 that 
[ledp—s 20. (326.6) 


On the other hand, a use of the Mean Value Theorem yields 


Qx 
1|F'(0)| =1|9(0)| = 81 90) = 3 [9 a9. (326.7) 


Hence by (326.6), 


’ 1 
LF(0)| S za | body. (326. 8) 
327. We again consider the region G introduced in § 324 above and the 
mapping 
w = f(z) (f(0) = 0, f’(0) > 0), (327.1) 


which maps the disc | z | <1 onto this region G. If r is a positive number 
<1, we set 

(2) = Hr 2), (327. 2) 
and by (324.4) obtain 


1—yi—g) gle) 
F(z) = ; 327.3 
eee Vi-ee) (1+Vi-e@?P oy) 


By § 324 above, == F(z) maps the closed disc | z | 1 onto the region G,* 
whose properties we indicated in § 325 and whose boundary we shall now 
denote by y’ (instead of by y;’ as in § 325). Since the function F(z) is simple, 
y(2) = F(z) /z is regular and nowhere equal to zero, and with the notation 
(326.4), relation (326.8) holds true. But by (327.3) and (327.2), 


F'(0) = £0 _ * po). (327.4) 
Hence by (326.8), 
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Af voted 4. : =| Teer (327.5) 


By § 325, y’ lies inside an analytic curve y” that is the image of y’ under 
t==1/t. Hence by the preceding section, the right-hand side of (327.5) 
satisfies the inequality (326.3), so that 


rn 4 
and since this holds for all r <1, we finally obtain 
|/(0)| <4. (327. 6) 


If we study the elementary mappings (324.1) and (324.3), which upon 
elimination of u yield the second equation of (324.4), we see that the equation 


4z 


(Q+2? . (327. 7) 


v= 


represents a mapping of the disc | z| < 1 onto the simple w-plane cut along 
the positive real axis from w== 1 to w== «. This region satisfies the condi- 
tions imposed on the region G in § 324. Also, we note that w/(0)==4. This 
shows that (327.6) gives the best possible bound. 

We note furthermore that in relation (326.3), the left-hand side cannot 
vanish unless y’ and y” coincide, ie. unless y’ coincides with the unit circle 
|2¢|==1, since the double integral in (159.5) vanishes only in this case. 
From this it follows that the equality sign can hold in (327.6) only if the 
region is the w-plane with the cut as described above. 

328. Let G be an arbitrary simply-connected region of the w-plane that 
contains the point w==0 but does not contain w-== o, and whose frontier 
has at least two distinct points. Let w==f(z) be a function that maps the 
disc | ¢ | < 1 onto the region G and for which f(0) 0. Let 2» be any point 
inside the unit circle, let w == f(2o) be its image in G, and denote the distance 
of w from the frontier of G by a(w)). We set 


= 297-2 me, Zo 0 
ya oe, a (328. 1) 
We also put 
1 ee 
g(v) = = {ir fs) — wy}. (328. 2) 


Then the function w == g(v) maps the disc | v | < 1 onto a simply-connected 
region of the w-plane that does not contain the point w= o and whose 
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frontier is at unit distance from the point a0. Then according to the 
preceding section, 


|e’(0)| $4, 
whence by (328.2), 
/ 4 a(wo) 
If@)| Saar (328. 3) 


We summarize the results of the last two sections in the following distortion 
theorem of Koebe and Faber: 

Let G be a simply-connected region of the w-plane that does not contain the 
point w == co in its interior. Let w== f(z) be a function that maps the disc 


OP =1 
Fig. 48 


|2| <1 onto G. Then if a(w) stands for the distance of the point w from 
the frontier of G, we must have 


7@| < 22, (el <1, w=f@). (328.4) 


1—|2|?’ 


The equality sign holds if and only if the region G is a simple plane with a 
cut along a ray and the point w lies on the extension of this ray. 

329. We now again make the assumption that the distance from the point 
w == 0 to the frontier of G is equal to unity. Then for every point w of G, 


a(w,) 51+ |v, (329. 1) 
and relation (328.3) implies that 


|dw| 4 |dz| 
ier eae (329. 2) 


whence by integration we obtain 
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1—|z] 
Therefore, 
1+ [2] __ #ial 
wl s (G5) - = qe G22) 
If the distance from w == 0 to the frontier of G equals a and if r is a positive 
number < 1, then it follows from (329.3) that the following relation holds 
for |zg| <r: 


4ra 


lf/@ <r @—7° 


From this we deduce the following fact: Let & be a set of simply-connected 
regions G each of which contains the point w==0 but does not contain the 
point w == oo, and assume that for none of the regions G the distance a of its 
frontier from w == 0 exceeds a fixed number M; then the functions w == f(s) 
with f(0)==0 that map | z|< 1 onto the regions G constitute a family of 
functions that is bounded in the small (cf. § 185, Vol. I, p. 184) in |z| <1 
and is therefore normal in | z| <1. 

If we note that by the above definition of the numbers a and regions G, the 
disc | w | < a always lies in the corresponding region G, and that the inverse 
function <== g(w) of w= f(z) is of bound one in the disc | w| <a, it 
follows by Schwarz’s Lemma that 


' 1 


and hence that 

|/'(0)| 2a. (329. 4) 
Therefore the above condition involving M may be replaced by the condition 
that 

|f'(0)| << M@ (329. 5) 


hold for the functions f(z) of the family; the new condition likewise insures 
that the family is normal in the disc | z| < 1, since it follows from (329.5) 
and (329.4) that the set of numbers a is bounded. 


The Mapping of Doubly-Connected Regions (§§ 330-331) 


330. If G is a doubly-connected region of the w-plane, then the frontier 
of G consists of two disjoint continua, C, and C,. Let us assume that at least 
one of these, say C,, contains more than one point. Then the (simply-connected) 
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region G, bounded by C, and containing C, in its interior can be mapped, 
according to the Riemann Mapping Theorem, onto the disc |¢| <1 by a 
mapping function whose inverse we denote by 


w = 92). (330. 1) 


We must now make a distinction between the case in which C, consists 
of one point and that in which it consists of more than one point. In the first 
of these cases we can clearly arrange, by a proper norming of the mapping 
(330.1), that the image of G will be the punctured disc 


0<|t}<1. (330. 2) 


We now consider the part lying inside the circle | ¢]|==1 of the Riemann 
surface having a logarithmic branch point at t=O (cf. § 249, Vol. I, p. 258), 
and we map this region by means of the transformation 


wo=1t (330. 3) 


onto the half-plane Ra <0. We map into the z-plane by means of 


o= 


(330. 4) 


z—1’ 


and finally, using the function in (330.1) above, into the w-plane by means of 


w= ye”) = f(z). (330. 5) 
We could also have obtained the function f(z) by the method of §§ 315-320, 
paying due attention to normalizing it properly. 
Now if 


_ Mt1 
0 @—1 


(330.6). 


is a point of the disc | z | < 1 that corresponds to a point zw» of the given region 
G, then the points z, (v= + 1,+2,...) that are obtained from (330.6) by the 
substitution of @y-+ 227 for wo will also correspond to wo. The transition | 
from 2» to one of the points z, can always be represented by a limiting rotation. 
(cf. §82, Vol. I, p. 78) of the non-Euclidean plane |z| <1. Hence the 
function w == f(z) maps the disc {| z| < 1 conformally onto a Riemann sur- 
face that has a logarithmic branch point at C, and whose frontier consists of 
the continua C, and C,. This Riemann surface, being mapped continuously: 
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onto | z| <1, is simply-connected ; we call it the universal covering surface* 
of G. Using the notation of § 318 above, we see that every closed path y, 
corresponds under w= f(z) either to a closed path y, or to an open path 
whose end-points are the images of each other under a limiting rotation of 
the non-Euclidean plane | z|< 1. 

331. Next we consider the case in which each of the two continua C, and C, 
that constitute the frontier of G contains more than one point. We again start 
by mapping the simply-connected region G, bounded by C;, and containing C, 
in its interior, onto the inside of a circle C,’; then Cz is mapped onto a con- 
tinuum C2’. We then map the simply-connected region bounded by C2’ and 
containing C,’ onto the inside of a circle C,” and note that the image C1” of 
the circle C,’ under this last mapping must be a closed analytic curve. There- 
fore we can assume from the very beginning, without loss of generality, that 
C, is the unit circle | w | = 1 and that C, is a closed analytic curve that lies in 
| w| <1 and loops around w=0. 

In the present case, the transformation 


wo =lw (331. 1) 


maps the covering surface of G—that is, the Riemann surface of infinitely 
many sheets all lying between C, and C,—onto a kind of strip of the w-plane, 
bounded by the imaginary axis C,* and an analytic curve C,* that lies in the 
half-plane fiw <0. Since the curve C2* is periodic, the strip is mapped onto 
itself by the transformations 


O,=o+2rnxt v=0,+1,4+2,...), (331. 2) 
Now we map the interior of this (simply-connected) strip onto the disc 

| 2| <1 by means of a function 
o = y(z) (331. 3) 
and we then have in the product w==f(z) of the transformations (331.1) 
and (331.3) a mapping function that has the same properties as the function 
f(z) described in the result of § 319 above. To each of the congruence trans- 
formations (331.2) of the strip there corresponds a non-Euclidean motion S, 


of the non-Euclidean plane | z| <1. We set S:==S and note that S, is 
obtained by iteration of S, so that we can write 


S,=SS...% times = S’. 


We shall see shortly that S cannot be a rotation of the non-Euclidean plane; 


1 The concept of universal covering surface is discussed more fully in §§ 336 ff. below. 
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meanwhile, the following reasoning shows that it cannot be a limiting rotation 
either : 

Let G be a doubly-connected region all of whose congruence transformations 
S, are limiting rotations. Then there exists a Moebius transformation 


aut p 
z= 
yu+s 


that maps the disc | z| <1 onto the half-plane Ru <0, and under which 
the limiting rotation S,==S of the z-plane corresponds to the Euclidean 
translation u’ == u + 2ai of the u-plane. Setting t= e” and w= q(t), we 
thus arrive at a one-to-one mapping of the region G onto the punctured disc 
0<|#|< 1. The function g(t) is bounded and simple. By Riemann’s theo- 
rem of § 133, Vol I, p. 131, we can extend g(t) to a function regular in the 
whole disc | #| < 1 by setting @(0)— wm. The extended function must like- 
wise be simple ; for if there were a non-zero t = ?’ for which p(t’) = wo, then 
since p(t) is neighbood-preserving there would be a point ft, near ¢==0 and 
a point #2 near ? for which t, + fe and y(t) = (te), and could not be 
simple in the punctured disc. But now it follows that the continuum C2 would 
have to consist of the single point wp. 

Thus S must be a non-Euclidean translation, and as such it is a Moebius 
transformation with two distinct fixed points F,; and F.2 that lie on the unit 
circle | z | == 1. We now consider in the v-plane a strip 


|Ro] <b. (331. 4) 


We can map this strip one-to-one onto the disc | ¢ | < 1 by means of a trans- 
formation == y(v), and we can norm this transformation in such a way 
that the two ends (the portions near v== oo) of the strip are mapped onto 
neighborhoods of the two fixed points F; and F2. If we do this, then the non- 
Euclidean translation S corresponds to a Euclidean translation of the strip 
onto itself. The magnitude of this translation depends on 4; we can make it 
equal to 271 by choosing h suitably. 
We now set 


v=lo. 
Then the function 
w = ef (vt) F(w) 


represents a one-to-one mapping of a circular annulus onto the doubly- 
connected region G. We have thus obtained the following result: 

Let G be any doubly-connected region whose frontier consists of two disjoint 
continua, each of them containing more than one point; then G can be mapped 
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one-to-one and conformally onto a concentric circular annulus. 
If Ry and Rz are the radii of the two concentric circles of the annulus, then 


Ry 
22 — pth 
Rone 


and this ratio is therefore a number that is uniquely determined by the region 
G; it is called the modulus of the region G. From this we derive the following 
corollary: 

Two doubly-connected regions can be mapped conformally onto each other 
if and only if their moduli are the same. 


The Group of Congruence Transformations (9§ 332-335) 


332. We return to a problem that came up briefly in § 321. We saw in 
that section that the function w== f(z) of § 319 (the function that maps the 
disc | z| <1 onto the given region G) need not be simple in | z| < 1, ice. 
that f(z) may assume the same value at different points of the disc | z| < 1. 
We shall call any two such points equivalent. 

If 2; and 22 are equivalent points, let us write 


i a (332. 1) 


If we substitute the first of these expressions into w== f(z) and recall that 
f(z) does not vanish in | z | < 1, we see that a certain neighborhood of « = 0 
is mapped onto a simple neighborhood of w) == f(2:). The latter neighbor- 
hood may in turn be considered as the image under w==f(z) of a certain 
neighborhood of 22 (since the points 2, and 22 are equivalent), and it may 
also be considered as the image of a certain neighborhood of u’ = 0, in virtue 
of the second relation in (332.1). Hence we have established the existence of a 
one-to-one relation 


u! = ou) (p(0) =0) (332. 2) 


in a certain neighborhood of u = 0, and with the aid of the theorem in § 319, 
we see that y(u) can be continued analytically along every path in |u| <1 
and is therefore, by the monodromy theorem, regular and single-valued in the 
whole disc | «| <1. In this argument, the roles of u and w’ are clearly inter- 
changeable, so that we can produce similarly a single-valued regular function 


u= yw’), (332. 3) 
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and this must of course be the inverse of (332.2). Both p(w) and p(w’) are 
of bound one and vanish at the origin, so that by Schwarz’s Lemma, 


hence by (332.1), the relation connecting z and 2’ must represent a non- 
Euclidean motion S which is such that f(z) == f(z’) ; thus the motion S carries 


an 
oT 


Fig. 49 Fig. 50 
every point into an equivalent point (under w==f(z)), and in particular it 
carries 2, into 22. 
If S” is another non-Euclidean motion of this kind, carrying every point z 
of the non-Euclidean plane | z | < 1 into an equivalent point, then the product 


Ss” = S'S 


of the two motions S and S’ has the same property. The same holds for the 
motion S~! inverse to S. Therefore the non-Euclidean motions of the kind 
described constitute a group ©. 

Any function f(z) for which the relation 


f(2)= f(S2) 


holds for every element S of the group © is called an automorphic function 
of the group ©. 

None of the above motions S can be a non-Euclidean rotation. For if 20 is 
the fixed point of such a rotation, then every neighborhood of z) would have 
to contain two equivalent points 2; and 22; but this is impossible, since there 
are neighborhoods of 2) that are mapped one-to-one onto a part of the region G. 
Hence each of the motions S must be either a limiting rotation or a translation 
along a non-Euclidean line (cf. § 82, Vol. I, p. 78). 

If 2, is any point of the disc | z| < 1 and zo = Sz a point equivalent to 2; 
under w= f(z), we consider (resuming once more the notation of § 319) 
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a curve 2 that joints z, and zg. The curve y, is mapped by w= f(z) ontoa 
closed curve y» lying in the region G. Now if S is, first, a non-Euclidean 
translation of the non-Euclidean plane | z| < 1 with fixed points F, and Fe, 
then the two points 2, and 22 must lie on a line of constant (non-Euclidean) 
distance from the non-Euclidean line g whose end-points are F; and Fz. Hence 
this line of constant distance from g is mapped onto itself by the translation S 
(see Fig. 49). 

Second, if S is a limiting rotation, then zg; and gp both lie on the oricycle 
that passes through 2, and through the only fixed point F that S has in this 
case (see Fig. 50). This oricycle is mapped onto itself by S. Here as in the 
first case, any path y, that joints the two equivalent points 2, and 22 is mapped 
by w==f(z) onto a closed curve y of the region G. 


333. Any given curve , of the region G is the image of an infinite number 
of curves y() of the disc | z| < 1, and these pre-images are permuted among 
themselves by every motion of the group ©. Since all of these curves yi?) 
have the same non-Euclidean length, we can introduce a metric in G by 
assigning this common length to the image curve y,, as its length.t We shall 
denote this length by L,(y,), 

We recall (cf. § 316 above) that the region G lies in the disc jwl <i. 
Considering this disc as a non-Euclidean plane and denoting the non-Euclidean 
length of yw by A(y,), we have by Pick’s theorem of § 289 that 


Alyu) < Le(yw)- (333. 1) 


Now let G’ be any region that lies in | w| < 1 and contains G. In accord- 
ance with §§ 315-321, let 


w=9(u) (0) =0, g'(0) >0) (333. 2) 


be a function that maps the disc | «| <1 onto the region G’. The points of 
|« | <1 that are mapped onto (interior) points of G form an open subset 
of | «| < 1 that can always be represented as a union of at most denumerably 
many regions, and these regions are permuted among themselves by the trans- 
formations T of a group & of motions of the non-Euclidean plane | «| < 1. 
We denote by G* that one among these regions which contains the point u == 0 
in its interior. Let 


u=~ylz) (y(0)=0, y’(0)>0) (333. 3) 
be a function that maps the disc | z| < 1 onto the region G*. 


*If the region G is multiply-connected, the concept of distance between two of its points 
can be established only under certain restrictive conditions, but we shall not have to deal 
with this case. 
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Let y be a path in G that joins the point w = 0 to any other point w = wy 
of G. Since this path also lies in G’, there is, among the (possibly infinitely 
many) paths in | «| < 1 that correspond to y». by (333.2), a definite path y, 
emanating from «==0. This path y, must necessarily lie in G*. Similarly, 
there is in the disc | ¢| <1 a path y, emanating from z= 0 that is mapped 
onto y, by (333.3). Then the function 


w = f(z) = v(yl2)) (333. 4) 


maps the path y, onto the path y,. This function w+= f(z) has all of the 
properties required of f(z) in § 319, and it must therefore coincide with the 
mapping function w= f(z) of § 319. 

We shall denote the non-Euclidean lengths of the curves y,, y, and y,, in 
the non-Euclidean planes |2z| <1, |u| <1 and |w|<1 by A(y,), Aly,) 
and A(y,,) respectively, as before. Then with the notation introduced earlier 
in this section, we have 


Lely) = Leelyu) = Aly:)- 
Moreover, 
Le(Yw) = Alu), 
and by Pick’s theorem, 
A(yu) < Lee(yu), 


Alyy) < Le(Yu)- 
A comparison of these relations yields the following theorem: 


If G and G’ are two regions lying in the disc | w| <1 which are such that 
G contains the point w = 0 and is itself a subregion of G’, then with the above 
notation we have the following inequalities: 


and similarly 


Aly) < LelYw) < Lo (Yu). (333. 5) 


Here, G’ is assumed to coincide neither with | w| <1 nor with G. 


334. The results of the preceding section enable us to establish a criterion 
for deciding whether a substitution S of the group © is a limiting rotation or 
a translation of the non-Euclidean plane | z| < 1. 

Assume first that we are dealing with a translation S along a non-Euclidean 
line e. Without loss of generality, we may assume e to be the real axis (see 
Fig. 51 below). If 2; is any point and zo its image under the translation S, 
let 2,’ and 22’ be the points at which the non-Euclidean perpendiculars to e, 
through 2; and 22 respectively, intersect e. Then S maps 2,’ onto 29’, and the 
distance s = E,,(z, 22) is an invariant that indicates the magnitude of the trans- 
lation. On the other hand, s may be regarded as the non-Euclidean distance 
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between the above two perpendiculars, so that we certainly have Z,,(z;, 2.) = s. 
Every path y, that joins 2, and 22 is likewise of a non-Euclidean length = s. 
Now if y. is the image under w= f(z) of such a path y,, then 7 is a closed 


Fig. 51 


curve in G whose length L¢(y,,), in the metric of § 333, is =s. The same 
holds for all curves y% that are homotopic to yy in G, since any such y% may be 
regarded as the image of a path y¥ whose one end-point is mapped onto the 
other by S. Therefore in the metric just mentioned, the lengths of the curves 
homotopic to y have a non-zero lower bound. 

Next, assume that S is a limiting rotation and that it maps a point 2; onto 
a point 2. These two points then lie on an oricycle w that is tangent to the 
circle | | ==1 at the fixed point F of the limiting rotation. The two non- 
Euclidean lines through F that pass through 2; and 22 respectively are parallel. 
Let z¥ and 2} be their respective intersections with a second oricycle w* 
emanating from F. Now as the diameter of w* is allowed to go to zero, the 
non-Euclidean distance E,,(z¥, 2) must likewise converge to zero. The easiest 
way to see this is to map | z| < 1 onto a Poincaré half-plane (cf. § 84, Vol I, 
p. 79) in such a way that F is mapped onto the point at infinity ; then 2; and 22 
lie on a parallel to the real axis, and so do z¥ and 24; finally, if h and h* are 
the respective distances of these parallels from the real axis, then E,,(z¥, z¥) 
goes to zero as 1/h* does. 

We have thus derived the criterion announced at the beginning of this 
section, which can be stated as follows: 

Let yw be a closed curve in G that is not homotopic to zero, i.e. that cannot 
be shrunk to an interior point of G without having to pass over frontier points 
of G. To yw there corresponds a transformation S of the group G. 

Then S is either a translation or a limiting rotation of the non-Euclidean 
plane | 2| <1, according to whether the lengths of the curves homotopic to 
Yo, in the L-metric of § 333, have a non-zero or zero greatest lower bound, 


78 Part Srx. II. ConrorMAL MAPPING 


335. Now let 7 be a closed curve in the region G that is the image of a 
path y, having two distinct end-points 2; and ze. Then there is in the group S 
a transformation S that maps 2, onto z2. We can then find in G a closed Jordan 
curve y* that contains all of the points of y,. in its interior and stays within a 
distance € of y; moreover, y* can be selected in such a way that 


Llyn) < Lelyw) + € (335. 1) 


holds. We can obtain such a Jordan curve y%, for instance, by constructing 
small circles about certain of the double points (if any) of y» and by replacing 
certain portions of y,, by suitable arcs of these circles (see Fig. 52). 


Y» has three double points 
yw is the heavier line 


Fig. 52 


Inside y* there must be at least one point that does not belong to G; for 
otherwise, y,, and y% could be shrunk by means of a continuous deformation 
to curves that lie within an arbitrarily small disc in G, so that 2, and 22 could 
not be distinct points, as they in fact are. 

Let us then consider first the case that every curve y% of the kind specified 
above contains at least two distinct points P; and P» that do not belong to G. 
We pass through P, and P2 a non-Euclidean line e of the non-Euclidean plane 
| w| <1; let the end-points of e be Q, and Qe (see Fig. 53). Let R be the 
first and Re the last point of intersection of e and y% as e is traversed from 
Q: to Qe. The points R; and Rez subdivide yf into two Jordans arcs, and 
each of these has an L-length (cf. § 333 above) that exceeds the non-Euclidean 
length of the segment R, Rz of e, and therefore also exceeds E,(P:, P2). But 
by (335.1), this implies that 


Lelyw) + € > Le) > 2En(Pr, Pa), 


and hence also that 
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Le(Yu) 2 2E,(Py, P2). (335. 2) 


Relation (335.2) holds also for every closed curve 7.’ that is homotopic in G 
to yw. Therefore by the criterion of § 334, the non-Euclidean motion S must 
in this case be a translation. 

Next we consider the case that there exists at least one Jordan curve y% of 
the kind specified in whose interior there lies one and only one point P that 
does not belong to G. Then P is an isolated point of the frontier of G, and 


Fig. 53 


there exists at least one punctured disc x that has its center at P and otherwise 
belongs to G. By a continuous deformation within G, we can then transform 
y% and Yw (which has no points exterior to y%) into a pair of curves that share 
all of the specified properties of y% and y, and lie within x. If # is an arbitrarily 
small disc concentric with x, then the homotopic image of yw» just obtained 
must in turn be homotopic to the boundary of & traversed n times, where 7 is 
some non-zero integer (cf. § 330 above). 

Let the radii of x and of k be g and r, respectively. By means of the function 
w==/t, we map the punctured disc x onto the Poincaré half-plane and we 
find that 


Liisi (335. 3) 

1& 

v 
The L-length of the boundary of x traversed n times is » times the quantity 
in (335.3). Since this quantity goes to zero if r does, and since by § 333, 
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Le(k) < L,(h) 


holds (the punctured disc » being a subset of G), it follows that there are 
curves homotopic to y,. in G whose L-lengths are as small as we please. There- 
fore by the criterion of § 334 above, S must be a limiting rotation. 

We have thus shown that the group © cannot contain any limiting rotations 
among its elements S unless the closed set A consisting of the points of 
| w| <1 that do not belong to G (cf. § 316 above) contains isolated points. 


The Universal Covering Surface (§§ 336-338) 
336. Once more, let 


w = f(z) (336. 1) 


be the mapping function whose existence was demonstrated in §§ 315-320. 
If the region G,, is multiply-connected, then for any given point ay of the disc 
|#| <1 there are infinitely many equivalent points 


{a;} = a9, 4;, as,.... (336. 2) 


In what follows, we shall stick to a fixed point a), and therefore to a fixed set 
(336.2). If 2 is any point of | z| < 1 that is distinct from all of the a;, then 
there are at most a finite number of points of (336.2) within or on the non- 
Euclidean circle with center at z that passes through a). Among these there 
is at least one point, say @,,, which has the smallest (non-Euclidean) distance 
from the center z, i.e. for which E,,(4,,, 2) is a minimum. For certain positions 
of z, there may be several points of (336.2) that qualify. 

Now let S,, be that non-Euclidean motion of the group S (cf. § 332 above) 
which maps the point a,, onto ao, and let the image of z under this motion be 
denoted by z.. Then 


E,qla, %) S En(4s, 2) (336. 3) 


holds for 7 == 1,2,---. We wish to determine the set of all those points 25 
for which (336.3) holds true, and to this end we construct the non-Euclidean 
perpendicular bisector mu; of the (non-Euclidean) line-segment a,a;. Then 
Hy divides | z | < 1 into two non-Euclidean half-planes. One of these contains 
@, and we denote it by U;. Each of the open point sets U; is convex in the 
non-Euclidean sense, that is to say that if 2’ and 2” are any two of its points, 
the set U; contains the non-Euclidean line-segment joining 2’ and 2”. 
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Any disc |z|<7< 1 intersects only a finite number of the lines? pj. 
Hence we can find an N = N(r) such that | 2| < 7 lies in the interior of U; 
for all 7 > N. The intersection of the half-planes U,, Us,---, Uy and the disc 
| z| <r is a convex non-Euclidean polygon with a finite number of sides and 
vertices and a finite number of boundary arcs that belong to |z|==7. The 
interior region of this polygon consists of all those points of | z| <7 that are 
closer to ay than to any other point of the set (336.2). If we let r tend to unity, 


Fig. 54 


we obtain in the limit a convex polygon with at most denumerably many vertices 
and a finite or infinite number of sub-arcs of | z|==1. We shall denote the 
interior of this limiting polygon by Fo; it consists of all those points of 
| | <1 that are closer to a) than to any other point of (336.2). 

Let S, be that element of the group © which carries a, into a, and let us 
denote the image of F, under S,—1 by F,. Then F,, consists of all those points 
that are closer to a, than to any other point of (336.2). Thus for any point 
&n of F,, we have 

Ex(@n, 2n) < En(ao, 2n); 


therefore z, cannot belong to Fo, and it follows that the regions Fo, Fi,--- 
are mutually disjoint. Since the motions of G distribute the points 21’, 20’, --- 
equivalent to a given point 29’ of Fy into the various regions F,, we conclude 
further that no two points 2’ and 2” of Fo can be equivalent. 

Now let ¢ be any point of | z | < 1 that is not contained in the open point-set 
Fy + F, + ...; then the set of points a; that have the smallest possible distance 
from ¢ contains at least two distinct points, since ¢ would otherwise have to 
belong to one of the sets F;. Hence there exists a circle with ¢ as its non- 
Euclidean center that passes through the points 4;,,...,4,,(p 22) but does 
not have any of the points a, in its interior. Fig. 54 illustrates this circle, under 
the assumption that ¢ is at z= 0. 


* This is seen easily if we note that for a given 7, the non-Euclidean circle with center 
at a and non-Euclidean radius,@ contains the disc | #| <r in its interior if 9 is sufficiently 
large. For every point a; that lies outside the non-Euclidean circle with center at a) and 
non-Euclidean radius 29, the corresponding #; lies entirely outside the disc | z| <r. 
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We are led in this way to a well-defined convex polygon whose vertices, in 
order, are 4@;,,..., ai, The perpendiculars from ¢ onto the sides of this poly- 
gon subdivide a sufficiently small neighborhood of ¢ into p parts that are 
easily seen to lie in the regions F,,,F;,,...,F;, , respectively. Therefore the 
point ¢ belongs to the frontier of each of these p regions. Hence every point 
of | ¢| < 1 is either an interior point or a frontier point of one of the various 
regions F;, and the totality of regions F; plus their frontiers may be regarded 
as a kind of mosaic that covers | z| < 1 completely. Every point ¢ that is not 
contained in any of the F; is equivalent to at least one point C, of the frontier 
of Fy. For our above ¢, we obtain such an equivalent ¢, by mapping any one 
of the regions F;,,...,F i, onto F, by means of a non-Euclidean motion belong- 
ing to the group G. This yields in fact p distinct points £,,,..., ¢:, of the 
frontier of F, that are equivalent to ¢ and therefore also to each other. For 
if any two of these points, say £;, and ¢,,, coincided, then the transformation 
S,, Sz} would have ¢ as a fixed point and would therefore have to be elliptic, 
and we know this to be impossible by § 332 above. In our “tiling” of the 
unit disc | | << 1,eachofthe ¢,,..., ¢;, isa point at which p of the regions F; 
meet. The points of the frontier of F, for which p = 3 coincide with the 
vertices of the polygon that bounds Fy; at every interior point of any of the 
sides of this polygon, we must have p == 2. From this we infer that the sides 
of the polygon must be equivalent in pairs. 


337. Let us now consider the region G,, which is the image under (336.1) 
of the disc |z| <1. By the results obtained above, we know that any two 
distinct (interior) points of Fy are mapped onto two distinct (interior) points 
of G,, in other words that the mapping of Fy into G, given by w==f(z) is 
simple. Furthermore, every point of G,. is the image of at least one interior 
or frontier point of Fy. The sides of the bounding polygon of Fo are mapped 
onto certain curves in G,, two distinct sides being mapped, in general, onto 
two curves that have no interior points in common; but whenever the two 
sides of the polygon are equivalent, their image curves coincide. Every vertex 
fo of the frontier of Fy is mapped onto a point w)=f(f) at which p (p = 3) 
of the image curves meet, since w= f(z) maps Fig. 54 one-to-one and con- 
formally onto a neighborhood of po. 

Let us now cut G,, along all of the curves that correspond to the frontier of 
F,. Then the residual subset G* of G,, (ie. G minus the above curves) is 
the image under w= f(z) of the simply-connected region Fy; hence G* is 
itself a simply-connected region. We note that each of the regions F; is 
mapped by w== f(z) onto this same region G*. Now we consider an infinite 
number of specimens of G* that we denote by Go*, Gi*, ..., and we assign to G;* 
the convex region F;. We note that because of their convexity, no two distinct 
regions F; and F; can meet along more than one of their sides; also, that any 
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two of the finite number of regions that meet at a point ¢, must have a side 
of their frontiers in common; and finally, that any given disc | z| <r < 1 is 
covered by a finite number of the regions F;. 

Now consider two regions F,; and F; whose frontiers have a side s,; in com- 
mon, and let G,* and G;* be the corresponding specimens of the image region 
G*. To s, there corresponds in the w-plane a certain curve oj, and every 
sufficiently small neighborhood of any given point of s;; is mapped one-to-one 
onto a neighborhood of the corresponding point of oj. We now join one 
of the “banks” or “sides” of oi in the region G;* with the opposite bank of oj 
in G;*; by what has been said above, the choice of the banks to be joined 
here is quite unambiguous. We first apply this process of joining to finitely 
many specimens and finitely many curves, the specimens being chosen in 
such a way that their pre-images in the z-plane cover a given disc 
|z|<r<1, and we then imagine the process continued indefinitely as r 
is allowed to tend to 1. In the limit, we obtain a simply-connected Riemann 
surface which is the one-to-one image of | z|< 1. Our entire construction of 
this surface seems to have depended on our initial choice of the point a) in 
|z| <1; but the resulting surface is actually independent of this choice, as 
can easily be seen by an argument like the one in § 320 above. 

The Riemann surface “over” G, that we have thus obtained is called the 
canonical universal covering surface of Gy». In its place we can use, whenever 
it is more convenient, the subdivision or “tiling” of the disc | z | < 1 by means 
of the regions F;. The region F, can be extended, by adding a portion of its 
frontier to the region itself, to a so-called fundamental region Fo*, i.e. to a 
point set that is disjoint from every one of its equivalent sets F,* and that 
together with these equivalent sets covers the entire (interior of the) disc 
|2| <1 exactly once. The simplest way of obtaining such a fundamental 
region is to add to Fy only one of every two equivalent sides of the frontier 
polygon, and to retain only one vertex from every system of » equivalent 
vertices of this polygon as described in § 336. This particular construction 
always yields a connected point set as a fundamental region (cf. § 100, Vol. I, 
p. 96). 

338. In conclusion, we wish to show that each of the regions F; has frontier 
points that lie on the circle |z|==1. To this end, we select a sequence of 
distinct points 

Wy, We, W3,-.5 


in G,, in such a way that the sequence converges to a point of the frontier of 
Gy, or more generally, in such a way that the points of the sequence have no 
point of accumulation in (the interior of) Gy. In | 2| <1, we consider any 
sequence of points 


24, 2, 2, oe (338. 1) 
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for which /(z))=w, (v= 1, 2, ...) holds. Then the sequence (338.1) cannot 
have a point of accumulation in (the interior of) | z| <1; for if it did have 
one, say 29, then w)==f(2’) would be an interior point of G, that would 
also be a point of accumulation of the sequence w,, we,-::. Now if F;* is any 
fundamental region, then for every point 2, of (338.1) there is an equivalent 
point 2, in F;*. Since all of the points of accumulation of the sequence {z,} 
lie on | 2 | = 1, it follows that the frontier of F;*, and hence also the frontier 
of the open set F;, must have points in common with | 2 | == 1. 


Simultaneous Conformal Mapping of Nested 
Annular Regions (§§ 339-340) 


339. The following problem is of importance in the theory of uniformiza- 
tion. Consider an infinite sequence of complex planes, which we shall call the 
2,-plane, Zo-plane, etc., and consider in each 2,-plane two simply-connected 
regions G and G*-2) which are such that G{) contains G*-» and both contain 
the origin 2,0. The problem we set ourselves is to find a sequence of 


(a) I 
Gn 6fer : 
2n+1-plane 
2n-plane 
Fig. 55 
regions GY), G2), ... in a w-plane, and a sequence of mapping functions 


w = yo” (z,), having the following properties : 

1. Each region G) contains the origin w==0 in its interior, and is 
itself contained in the next regionG +); 

2. For n=2,3,..., the function 


w= p"(z,) (p(0) = 0, y”"(0) > 0) 


maps the region G conformally onto the region G*), and at the same time 
maps G'~-1) conformally onto Gi*-». 
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Without loss of generality, we may assume that the desired regions G!”) are 
circular discs of radii r,, since we could map any other G™ onto such a disc 
which must then contain the image of the region G*-. Assume then that 
the region G{") coincides with the disc | z | < ry, and let 


+1 fe) (7,0) = ee 1(0) > 0) (339. 1) 


be the function that maps this disc onto the region G!"),. The radius 7, being 
given, /{")'(0) is proportional to r,,, and we can always determine 7,41 in 
such a way that 
72,0) =1 (339. 2) 

holds. 

Now we set 7, = 1, and we stipulate that (339.2) hold for n= 1,2,---. 
Then the radii 7, and the functions (339.1) are uniquely determined. We 
define additional functions by setting 


Pe) ol@q) = FS (fs (2n))» (339. 3) 
1 pen) = AAP 2 @,))- (339. 4) 


The functions (339.3) can all be determined provided that we know all of the 
functions in (339.1). Similarly, the functions f),(z,) can all be determined 
once we have all of the functions (339.1) and (339.3). Continuing in this 
way, we obtain all of the functions /*) ,(z,). We note that all of the functions 
(339.4) satisfy 


f”) (0) =0, 7,0) = 1. (339. 5) 


340. Now we observe that for fixed », the functions (339.4) represent 
conformal mappings of the disc | 2,|< 7, onto simple, simply-connected 
regions. Hence it follows from the last result of § 329 and from (339.5) that 
the sequence {12 een) }, (k= 1, 2, ...), constitutes a normal family of func- 
tions. Therefore there sue a sequence of numbers k!”), ki”, ... which are 
such that the sequence {7 a ( 2n)}, (b= 1, 2, ...), converges continuously in 
the disc |2,|< rn. We have a convergent subsequence of this kind for 
every n, and by Cantor’s Diagonal Process (cf. § 92, Vol. I, p. 90) we can 
therefore select independently of m a sequence of numbers hk, kz,... which 
are such that for every n, we have 


Him frag (@m) = e™(z,)  (n=1,2,...). (340.1) 
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By (339.5), the limit function 9™(z,) cannot be a constant. Being the limit 
of functions /,,,,(z,) simple in the disc | 2, |< 11, the function g™ (Zn) is 
itself simple in this disc (cf. § 200, Vol. I, p. 197) and it therefore maps 
| 2, | <q onto a simple, simply-connected region G. The functions »™(z,) 
and the regions G“), however, furnish a solution of our problem, as we shall 
see presently. For upon replacing the subscript k by kp in (339.4) and then 
passing to the limit. we obtain the equation 


P (24) = 9" (69) (2), (340. 2) 


which implies that the second of the two specified conditions is met. 

Also, the numbers 7, are monotonically increasing with n; for if we had 
Yn41 <n, it would follow from Schwarz’s Lemma that |f‘")’,(0)| <1, since 
the function z,4, = /%%1(z,) maps the disc | zn, | <r, onto a subrégion of the 
disc | 2n41 |< ‘n41. Hence 7, <7,,, and we must have either 


lim 7, = co . (340. 3) 
or wre 

lim 7, = R. (340. 4) 

n=O 


These two cases have to be discussed separately. 

Assume first that (340.3) holds, and denote the distance of the point w = 0 
from the frontier of the region G by a,. Since y)’(0) = 1, the Koebe-Faber 
distortion theorem (cf. § 328) implies that a, = 7,/4 and therefore that 

lim a, =0o, 
which means that the nested regions G™ will cover any pre-assigned disc 
|w|<-r if m is chosen sufficiently large. 

In the second case, i.e. if (340.4) holds, we note that our construction 
implies that 


fet ep %n) | < Ta+kp < R, 
so that in the limit, 
lo) <R (l2n| <1) 
holds. Here, all of the nested regions G™ lie within the disc | w | < R, and 
their union is a simply-connected region H that is likewise contained in 
| w]<R. Let the conformal mapping of H onto the disc | t| < F be given 


by the function t= p(w), with y(0)=0, y’(0) > 0. Then by Schwarz’s 
Lemma, 


y'(0) 21 (340. 5) 
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must hold. On the other hand, the functions 
t= Pz.) = p(p™ (2) 
give the mapping of | 2, | < 7x onto a subregion of | t| << R. It then follows 
from y”’(0) = 1 that ¥)’(0) = y’(0). But by Schwarz’s Lemma 


{n)/ R 
wor") s =. 


Therefore 


and by (340.4) we thus obtain y’(0) = 1. This together with (340.5) yields 
y’ (0) = 1, which is possible only if p(w) = w, in which case H must coincide 
with the disc | w| <R. It follows from this that any given smaller disc that 
is concentric with | w | < R will be covered by the regions G™ if n is large 
enough. 


CHAPTER THREE 


THE MAPPING OF THE BOUNDARY 
The Schwarz Reflection Principle (§§ 341-342) 


341. Let G, be a simply-connected region of the w-plane that is its own 
mirror image under a reflection in the real axis, i.e. that is symmetric with 
respect to the real axis, and assume that the real point w is an interior point © 


w-plane 
Fig. 56 


of Gy. Then there is a segment A,B, of the real axis that contains the point wo 
in its interior and whose end points A, and B, are points of the frontier of Gy, 
(see Fig. 56). 

Let the function 


w= y(t) (341.1) 


represent a conformal mapping of the open disc | ¢ | < 1 onto the region Gy 
under which the point t==0 is mapped onto w == wp» while y’(0) > 0. We 
denote the points of intersection of the circle | ¢|==1 and the real axis of 
the #-plane by A» and Be (see Fig. 57 below), and we denote the disc | t| < 1 
by G;. Both G,, and G; are transformed onto themselves by the reflections in 
the segments 4,3, and 42Bz respectively. It follows from this that the equa- 
tion w= y(t) also represents a conformal mapping of G; onto G,, for which 


88 
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y(0) = w and (0) > 0. Since there can be only one mapping of this kind, 
it follows that a 

ve) = vl). (341. 2) 


Hence if y(t) is developed in a Taylor series, the coefficients of the series must 
all be real. This implies that under the mapping (341.1), the segments 4,3; 
and AB. correspond to each other, and from this it follows further that the 
regions G,,’ and G,’ (see Figs. 56 and 57) correspond to each other. 

Now we map the disc | z| < 1 onto the half-dise G,’ by means of a func- 
tion t== (2); then the function w==f(z)==y(x(2)) maps the disc 
| | <1 onto the region G,,’. But the function ¢ = x (2) can be constructed 
in terms of elementary transformations (cf. § 314 above), and if we follow 


c 
A 8 
t-plane D z-plane 
Fig. 57 Fig. 58 


this through we find that the segment 42 Bz corresponds to an arc of the circle 
|z | == 1 with two (distinct) end-points A and B (see Fig. 58). Moreover, 
the inverse function ¢== w(t) is regular in the whole disc |t| <1 and 
reptesents a conformal mapping of this disc onto the 2-plane cut along the 
arc BCA. Under this mapping, two complex conjugates ¢ and ?# correspond 
to two points z and 2* == 1/7 that are images of each other under inversion 
(reflection) in the circle |z|==1. Similarly, the function w= f(z) is 
regular on the arc ADB and maps the two points 2 and 2* that are inverses 
of each other with respect to the circle, onto two points w and w that are 
symmetric images of each other in the real axis of the w-plane. 

The results just obtained are known as the Schwarz Reflection Principle. 


342. The Schwarz Reflection Principle can be generalized considerably. 
Let f(z) be a function meromorphic in the disc | z| < 1 and assume that on 
an arc AB of the boundary | z|=<1, all of the boundary values of f(z) 
(cf. § 99, Vol. I, p. 95) are either real or infinite (see Fig. 59). Then the 
function 

fz) —# 


82) = FTG 


(342.1) 
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is meromorphic at every point of the disc | z| <1. At every point ¢ of the 
arc AB, all of the boundary values of | g(z) | are equal to 1, since the mapping 


_ wi 
Oe wti 
transforms the real axis of the w-plane onto the circle | |= 1. If ¢ is an 


interior point of the arc AB, we can choose a natural number so large that 
the two following requirements are met: First, if the boundaries of the two 
discs 


la]<1, |s—g]< (342.2) 


intersect at the points C and D, then the arc CD of | z| = 1 is a subarc of 
AB; and second, the relation 


5 < |e) <2 (342. 3) 


holds at every point ¢ that lies in the intersection of the two discs (342.2). 


8B 4 
oD 
E; 
C f 
A Cy 
é-plane u-plane 
Fig. 59 Fig. 60 


For otherwise, we should be able to assign.to every natural number 7 a point 2, 
inside the unit circle for which 


[zn— |< = 


holds and which satisfies one of the two relations | g(z,)|2=2 and 
| g(2n) | 1/2. But then | g(z) | would have at ¢ a boundary value different 
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from unity, contrary to what we noted earlier. 
Let us now map the shaded lens of Fig. 59 onto the disc |u| <1 (see 
Fig. 60) by means of a function 


z= y(u) (342. 4) 


in such a way that the arc CCD is mapped onto the semicircle C,£,D, that 
lies in the half-plane Ru > 0, and let us set 

h(u) = g (p(u)) (342. 5) 
Then by the above, 


5 < [a(u)| < 2; 


therefore one of the branches of the logarithm of h(u) is regular in | «| <1 
and has a bounded real part in this disc. We introduce the notation 


A(r, 9) = RL Ar e**) (0<r<1). (342.6) 


Then if « is any point of the disc | «| <1 and if |u| <7 <1, we have by 
Poisson’s Integral Formula (cf. §§ 150-152, Vol. I, p. 146 ff. and formula 
(148.11), Vol. I, p. 145) that 


Pia) I [rw 9) Lt ay, (342.7) 


yeo a 


Since for 0S &< 2/2 and for 32/2< #®< 2a all of the boundary values 
of | h(«)| are = 1, so that 


lim A(r, 3) = 0 


ral 
holds true, it follows from letting 7 tend to unity in (342.7) and setting 
A(S) = lim A(r, 3) 
r=1 


that 
3 2/2 


Lh(u) = ROTO) f a(9) S52" as. (342.8) 


nf2 


But this representation of /h(u) shows that /h(«) is regular on the semicircle 
C,E,D,; the same holds true for h(«), and therefore g(z) must be regular 
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at every point of the are CCD; the same then applies to f(z). We have thus 
proved the following theorem: 

Let f(z) be meromorphic in the disc |u| <1, and let all of the boundary 
values of f(z) on an arc AB of |u|=1 be real or infinite. Then if C is any 
boint of the arc AB, the function f(z) either is regular and real at ¢ or else 
has a pole at C. 

This theorem is remarkable in that it shows the regularity of the function 
f(z) on the arc AB to depend only on the distribution of the boundary values ; 
it does not require the assumption of continuity of the function on the arc. 

We note that in the above proof, we needed the given meromorphic func- 
tion f(z) only in a certain neighborhood of the arc AB, so that the theorem 
goe through whenever we can find for every interior point ¢ of the are 4B 
a lens CDC (see Fig. 59 above) in which f(z) is meromorphic. 


Conformal Mapping of the Region Inside 
a Jordan Curve (8§ 343-346) 


343. Let y» be a Jordan curve (simple closed curve, cf. § 106, Vol. I, 
p. 100) and let G, be the finite region bounded by y, (the “inside” of 
Yw). Since y» is a one-to-one continuous image of the circle e*?, there exist 
two continuous periodic functions x(q) and y(g) for which the points of yo 
are given by 


w(y) = x(y) +7 ¥(g), (343. 1) 
For any two values ¢, and gz of that are not congruent modulo 22, we have 


2(1) + 2(G,)- 
Let the function 


w== f(z) (343.2) 


represent a one-to-one conformal mapping of the disc |z|< 1 onto the 
region G,. Let A be any point of the curve y», and consider a sequence {w,} 
of points of G,, converging to 4. By (343.2), the points w, are the images 
of (uniquely determined) points z, of the disc | z| <1 that have no point 
of accumulation in the interior of this disc. We shall prove that the sequence 
{z,} has one and only one point of accumulation /’. 

To this end, assume that the sequence {z,} had, besides A’, an additional 
point of accumulation B’, By Fatou’s theorem (cf. § 310), there are two radii 
O’P,;' and O’P2! of the circle | z|==1 whose end-points P,;’ and P,’ are 
separated by the points A’ and B’ and along which the function (343.2) con- 
verges to certain boundary values w, and we, respectively, We also assume 
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Pj’ and Py’ to be chosen in such a way that no two of the w:, we, and A coin- 
cide (see Figs. 61 and 62). 

The mapping (343.2) transforms the broken line P,’O’ P2’ into a Jordan arc 
@; O we that is a cross cut of the region G,, (cf. § 113, Vol. I, p. 105). This 
cross cut divides G, into two subregions G,,’ and Gy” whose pre-images 
under w==f(z) are the sectors O’P,’A’P,’ and O’P,'B’P,’ of the disc 
|2| <1. Now if the point A lies, say, on the frontier of G,’, then the distance 


We 


a] 


ay 


Fig. 61 Fig. 62 


between A and the subregion G,,” is not zero, so that the sequence {w,}, 
which converges to 4, cannot have more than finitely many of its points lying 
in Gy” or on the frontier of G,,”. The pre-images of these points therefore 
also constitute a finite set, consisting of all those members of the sequence {z,} 
that lie in the sector O’P,’B’P,’; thus B’ cannot possibly be a point of 
accumulation of the sequence {z,}. The result we have obtained may ‘be 
stated as follows: 


The mapping (343.2) makes it possible to associate with every point A of 
the Jordan curve ya point A’ of the circle z = e'* with the following property: 
For every sequence of points {w,} that converges to A, the sequence of pre- 
images {z,}, (under the mapping (343.2)) converges to A’. 

This correspondence between the points of y, and the points of | z|==1 
can therefore be expressed by means of a single-valued function 


3 = Aly) (343. 3) 


that is periodic and has period 22. 

We can easily show that the function (343.3) is continuous. To this end, 
consider a convergent sequence of numbers 9,, @2,... whose limit is @, and 
let A,, A,,... be the points of y,, that correspond to the g, by virtue of 
(343.1) ; the 4, converge to a point A, of y.. We must prove that if 
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A,’,A,’,... are the points of the circle |z|==1 that correspond to 
A,, A,,... under the relation (343.3) and if A,’ similarly corresponds to Ao, 
then the sequence A,’, A,’,... converges to A’. But this is almost self- 


evident, because we can determine a sequence of interior points w,, w2,... 
of G, in such a way that the distance between w, and A,, and the distance 
between the corresponding points z, and A}, are both less than 1/y. Then 
lim w, = A,,so that by our last theorem lim z, = Aj. 


344, Next we wish to prove that every subarc y* of the Jordan curve yy 
contains pairs of points whose pre-images on | z|==1 under the mapping 
(343.3) induced by (342.2) are two distinct points. 

Let M be an interior point of the arc y% (see Fig. 63 below). Then M has 
a non-zero distance 6 from the complementary‘arc of the Jordan curve yw. 


Fig. 63 


Let x be a circle whose center is at M and whose radius is less than 6. If we 
denote the outside of y,, (the region exterior to y..) by Hy, then H, must 
contain points that lie inside x, since M is on the frontier of H,. Now any 
two points of H., can be joined within H,, by continuous curves; therefore 
Hy» must contain points of the circle x itself. Hence there is at least one arc 
B of x that lies in H,, and whose end-points P and Q lie on y». Also, P and Q 
must be distinct, since a similar reasoning shows that at least one (non-zero) 
arc of x must lie in Gy. 

By our construction, the two points P and Q lie on y%. We wish to show 
that the points P, and Q, of |2|==1 that correspond to P and Q under 
w== f(z) are distinct. 

P and Q divide y, into two Jordan arcs y,,’ and yy’. We consider the 
(closed) Jordan curves B + yi, and 8+ yi, which bound two finite regions 
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that we denote by G,,’ and G,,”. If G,” contains a point of Gy, then it must 
contain all of G,,. Let us assume that G,,” is a subregion of Hy. Then every 
point R of y,’ lies outside G,,”, and in any neighborhood of R there are points S 
that belong neither to G,, nor to Gy”. We can easily show that S must also lie 
outside G,,’; for there are points T that belong neither to G,, nor to 
Gw’ nor to Ge”, and if we join such a point T to S by a continuous curve 
that avoids G,., this curve can meet the frontier of G,’ only in points of B 
(if at all) ; we can then arrange by means of a continuous deformation of the 
curve that it meets neither y,, nor 8. Hence S lies outside G,,’. 

Since S is outside Gy’ and R is on the frontier of G,’, all the points of 
Gw that lie in a sufficiently small neighborhood of R must be (interior) 
points of G,,.’, whence it follows that the whole region G,, must be inside the 
Jordan curve 8 + y%,, i.e. that G,, isa subregion of G,’. Thus we always have, 
if necessary after interchanging the symbols for the above curves y,,/ and yy” 
(and likewise those for G,,’ and G,,”), that G,.’ contains Gy. 

Let us now map the circular arc 6 onto a segment of the real axis of a 
t-plane by means of a Moebius transformation, and let the image of G,,’ under 
this transformation be the region G,’._ We then map G;’ by means of t*=u, 
similarly as in § 323, onto the interior region G,’ of a Jordan curve of the 
u-plane, in such a way that G,’ lies in the upper half-plane while the image 
of B is a segment of the real axis of the u-plane. By the Schwarz Reflection 
Principle it is now evident that when G,’ is mapped in turn onto |v| <1, 
the images of P and Q are two distinct points Pz and Q» on |v|==1. At the 
same time, the v-image of y,,” is a cross cut y,” of |v| <1, and that of Gy 


is a region G, bounded by an arc of the circle | v | = 1 and by the cross cut 74”. 
Finally, when G, is mapped onto | z | <1, the points Pz and Q2 are mapped 
onto two distinct points P; and Q, on | z|== 1, and we have proved the 


result stated at the beginning of this section. 


345. It is now easy to prove that under our original mapping (343.2), 
two distinct points A and B of y» always are the images (actually not under 
w==f(z) but under the induced mapping (343.3) ) of two distinct points 
A, and B,. To this end, we shall borrow a fact that will be proved in the 
next section, namely that 4 and B can always be joined by a cross cut q of Gy. 
Assuming the truth of this statement, we infer from it that under the con- 
formal mapping of | z | < 1 onto G,,, the cross cut q is the image of a curve q; 
that has at most two points A; and B, in common with the circle | 2¢|==1 and 
must therefore be a cross cut of the disc | z| <1. But the points 4 and B 
divide the Jordan curve y, into two arcs on each of which, by the preceding 
section, there are pairs of points whose pre-images are likewise pairs of distinct 
points; also, the two subregions into which q divides G,, are the images of 
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two non-empty subregions into which q; divides | z| < 1; hence 4; and B, 
cannot coincide. 

Now if 2, 22,... is a sequence of points of the disc | z| < 1 that converges 
to a point of | 2| == 1, then the images w,, wz, ... of these points cannot have 
more than one point of accumulation 4 on the curve y». Hence the relation 
between the quantities # and @ of § 343 can be expressed not only by (343.3), 
but also in the inverse form 


p= w(9). (345. 1) 


Just as we have shown A(q) to be continuous (§ 343), we can prove the 
same for u(#) ; it follows further that both 4(@) and “(#) are monotonically 
increasing and cannot be constant on any interval of their domain of definition. 
This implies that the order of any three points A,, By, C, of the circle | z | = 1 
is preserved by the mapping (343.3)—or (345.1)—for their images A, B,C 
on the curve 7); in other words, the mapping leaves the cyclic order of any 
three points intact. We have at last arrived at the following theorem: 

If there exists a one-to-one and bi-continuous mapping of the frontier of a 
simply-connected region onto a circle (in other words, if the frontier is the 
topological image of a circle), then any conformal mapping of the region onto 
an open circular disc induces a corresponding mapping, of the kind mentioned, 
of the frontier of the region onto the frontier of the disc. 

It clearly follows that a similar correspondence of their frontiers is induced 
by any conformal mapping of one Jordan region G, (i.e., simply-connected 
region whose frontier is a Jordan curve) onto another Jordan region G,. This 
follows from the fact that the mapping of G, onto G, can always be accom- 
plished by first mapping G, onto the disc | #4] <1, and then mapping this 
disc onto Gy; the theorem applies at each of the two steps. 

On the basis of the above theorem, we can find examples of analytic func- 
tions that are regular and bounded everywhere in |2|< 1, that are not 
regular at any point of | z | == 1, and which even so have just a single boundary 
value at every point of |z|==1. Thus Fatou’s theorem (cf. § 310) holds 
here not only for approach within a sector to a point of | z|—= 1 but also 
for any arbitrary approach to the point. 

Remark. If we wish to make use of the theory of Fourier Series, we can 
expand the mapping function w== f(z) of a Jordan region in a series of 
the form 


Ker e**) =D) a," ein? 


n=O 


which for r == 1 becomes a trigonometric series 


ConrorMAL Maprine or A Recion INsIpeE A JorpAN Curve (§§ 345-346) 97 


He**) ~3'a, (cosm + isinn 9). 


n= 


This series need not converge, but by a well-known result of L. Fejér it is 
summable. Therefore every Jordan curve can be represented by means of 
a Fourier series. 


346. We still have to prove a result which we have already made use of 
in § 345, namely the fact that any two points 4 and B of the frontier y of a 
Jordan region G can be joined by means of a cross cut of G. It clearly suffices 
to show that any point O in G can be joined to any given frontier point 4 by 
means of a Jordan arc all of whose points, with the exception of 4, are in G. 

To this end, let the curve y be given by means of parametric equations 


x==4(p), y= y(¢), 


and let 4 be any point of this curve, which we may without loss of generality 
assume to correspond to the value y == 0 of the parameter. The function 


o(¢) =V(x(p) — x10)? + (¥(@) — y0))2, (346. 1) 


which represents the distance between the point A and a variable point of y, 
is continuous and positive in the interval — 7 S y < x and has its only zero 
at p==0. Ifr is a positive number that is S max e(~), then there are certain 
values of @ in the above interval for which 


ely)=r (346. 2) 


holds. The l.u.b. of the moduli of these values of y is a non-zero positive 
number d(r) that decreases monotonically as r does. 
Let m(r) be the minimum of the function @(@) in the intervals 


—x<pS-d) 


and 
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Or) Syo<a 


Then the number m(r) cannot exceed 7; the function m(r) is positive, non- 
zero, and decreases monotonically as r does. If x (r) is the circle of radius 7 
whose center is at A, then by § 344 there is a least one cross cut of G that is 
an arc of x(r). In general, there will be several or even perhaps infinitely 
many arcs of‘ (r) that are cross cuts of G, say fy, B,,.... Each of these arcs 
8 divides G into two subregions G;’ and G,””. We reserve the symbol G;,” 
for that one of these two subregions whose frontier consists of the arc Bx 
together with a part of the Jordan curve y on which |p| = (7) holds. Hence 
the distance from the point A to the subregion G;,” is at least equal to m(r). 
From this it follows that the points P of G for which the distance A P is less 
than m(r) must all lie in the subregion G;’. 

Now let P and Q be two (interior) points of G whose distances from A are 
both less than m(r) ; we join P to Q by a polygonal train o wholly within G. 
If there are points on o whose distance from A exceeds 7, then o must intersect 
some of the arcs f;, Bg, --. and must have at least two points in common with 
each of the arcs that it intersects. There can be only a finite number of such 
arcs B,,, since each of the finitely many segments that make up o cuts the 
circle x (r) in at most two points. 

Let 4; be the first and N; the last of the points in which o meets f,, as o is 
traversed from P to Q. We replace the part of o that goes from Mj; to 
N; by the appropriate sub-arc of 8,,. After doing this for each of the finitely 
many j involved, we obtain a path that lies within G, joins P to Q, and has 
all of its points within distance 7 (or less) of A. Thus we have the following 
result : 


Any two points of G whose distance from A is less than m(r) can be joined 
to each other by a path that lies wholly in G and has all of its points within 
distance r (or less) of A. 

Now let 71,72,... be an infinite sequence of positive numbers for which 
Yn mr and limr, =0. Also, let P,,P2,... be a sequence of points of G 
whose distances from A satisfy the conditions 9, < m(r,), n= 1,2,::-. 
Since m(r) decreases with 7, we have m(r,,;) << m(r,) and hence also 
Onii < m(r,). Now if O is any (interior) point of G, let us join O to P, by 
a path wholly within G; next we join P; to P, by a path in G that lies within 
distance r; of A; then we join P, to P; by a path in G that lies within distance 
r. of A; more generally, we join each P, to P,41 by a path in G that lies 
within distance 7, of A. 

The curve OP,P,... constructed in this way may of course have double 
points; we can avoid this by simply eliminating certain portions of the curve. 
The resulting curve is then a Jordan arc that joins O to A and lies in G (except 
for its end-point A), and this is what we had set out to obtain. 


Tue Concept or Free Bounpary Arc (§§ 346-347) 99 


The Concept of Free Boundary Are (§§ 347-348) 


347. A point A of the frontier of a region G,, of the w-plane is said to be 
accessible if it can be joined to an interior point of G,, by a Jordan arc (by a 
free cut; cf. § 113, Vol. I, p. 105). There are regions not all of whose frontier 
points are accessible. For example, consider a square in which we delete all 
of the points of an infinite number of free cuts that accumulate toward the 
segment 4 E of the side AD (see Fig. 64). Then it is not possible to join the 

a C 


A 8 
Fig. 64 
vertex A to any interior point of the resulting region G by means of a 
continuous curve lying in G. 

On the other hand, the frontier of G certainly contains points that can be 
joined to interior points of G by means of free cuts. In special cases, these 
free cuts may even be straight-line segments. 

Returning to a general region Gy, let A be a frontier point that is joined 
to an interior point O by a free cut, and consider any sequence of points 
W1, We, ... of the free cut that converge to the point 4. Then if G, is mapped 
conformally onto the disc | z| < 1, the images 2,, 22,... of W1, We,... must 
converge to a definite point 4, of | z2|==1; the proof of this fact, with the 
aid of Fatou’s theorem (cf. §§ 310-311), is similar to the proof of the ana- 
logous theorem for Jordan curves in § 343 ff. above. But in contrast to the 
results for Jordan curves, it is here not necessarily true that the images of two 
convergent sequences on two different free cuts joining O to 4 are the same 
point of | ¢|==1. There are even cases in which the set of points of | z | = 1 
that is obtained from a set of different cross cuts all ending at A has the 
cardinality of the continuum, as is shown by the following example (see Fig. 65 
below). 

Consider the half-disc y > 0, x? + y? < 1, and for every rational number 
p/q with 0 < p <q, where p and q are relatively prime, lay off the line- 
segment of length 1/q that emanates from the origin O and forms the angle 
px/q with the positive real axis. Our region G, will be the open half-disc 
minus all of the points that lie on any of these segments. Consider any 
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sequence of points converging to O that lies on a radius whose angle of in- 
clination is za, where a is irrational. These points lie on a free cut of Gy, 
and their images under the mapping onto | z | < 1 lie on a free cut of | z| < 1. 
But between any two such free cuts of G, there lies at least one of the above 


oO 
Fig. 65 


segments, with an angle p2/gq, that is part of the frontier of G,. This implies 
that the images of the points of two convergent sequences on the two free cuts 
converge to two distinct points of | |= 1. 


348. By a free (or accessible) arc of the frontier of G, we shall mean a 
Jordan arc y,’ that has the following properties: 1. Every point of y,’ is an 
accessible frontier point of G, (i.e. a frontier point that can be joined to an 
interior point of Gy by a free cut). 2. If O is any (interior) point of G, and 
if P and Q are any two points of y,’, then we can draw two free cuts OP and 
O@Q in such a way that these two free cuts together with a sub-arc PQ of yu’ 


LA q 


Yw is here the line-segment AE 
Fig. 66 


form a (closed) Jordan curve OPQO whose interior is a subregion of Gy. 
(See for instance Fig. 66.) 

We now wish to prove that under a conformal mapping of the disc | z| <1 
onto the region G,, there corresponds to any given free arc y,,’ of the frontier 
of Gy, with end-points A and B, at least one circular arc A,B, of | z|=1, 
and this correspondence between the arcs y,’ and A,B, is one-to-one and 
continuous. 
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To prove this statement, let us consider the Jordan region OPQ O used in 
the above definition of free arc, P and Q being any points of y.’, and let us 
denote this Jordan region by G,,’. If w==f(z) is the function that gives the 
mapping of the disc | z| < 1 onto the region Gi, then the pre-image of G,,’ 
under w== f(z) is a subregion G,’ of the disc | z| <1. The frontier of G,’ 
consists of two free cuts O,P, and 0,Q, of the disc | z| < 1 together with 
the circular arc P:Q, (unless P, and Q, coincide). In any case, G,’ is a 
Jordan region whose frontier, by § 345, is mapped one-to-one and continuously 
onto the frontier of G,’. Therefore P, and Q: cannot coincide, since their 
images P and Q are distinct. We now let P and Q converge to A and B, and 
our statement is proved. 


Reflection in Analytic Curves (§ 349) 


349. The Reflection Principle of §§ 341-342 can be generalized so as to 
apply to “reflections” in arbitrary analytic curves. Let a real analytic curve 
in the z-plane (z= x + iy) be given, either by an equation of the form 


F(x, y) =0 (349, 1) 
or by means of parametric equations 
x= ot), y=yi(t) (é real) (349. 2) 


where the functions F(x, y), y(t) and y(t) are assumed to be represented 
in a certain neighborhood of a point of the curve by power series with real 
coefficients. Throughout this neighborhood, we assume at least one of the 
two partial derivatives F, and F,, or at least one of the two derivatives gy’ 
and y’, to be non-zero. 

We consider the function 


z= ft) = of) +7 vl) (349. 3) 


as an analytic function of the complex variable ¢ defined in a neighborhood 
of a real point fy. Our assumptions imply that f’(t)) +: 0, so that there exists 
a disc | t—t.| <r that is mapped by (349.3) one-to-one and conformally 
onto a neighborhood of the point 29 = f(t). One of the diameters of this 
disc is a segment of the real axis of the t-plane, and this diameter is mapped 
by (349.3) onto a certain arc of the curve (349.2) in the z-plane. Now the 
following definition was given by H. A. Schwarz: 

Two points 2 and 2* are said to be reflections (or inverses) of each other 
relative to the curve (349.2) if they are the images under (349.3) of two 
points t and t of the disc | t—t)| <r that are each other's reflections in the 
real axis of the t-plane. 
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Hence if 2 satisfies (349.3) then 2* satisfies 
z* = p(t) + i yf). (349, 4) 


Now let w be the complex conjugate of 2*. Since the coefficients in the Taylor 
expansions of m(t) and w(t) are real numbers, we can write 

w= 2* = gt) —7 y(t). (349. 5) 
From (349.3) and (349.5) we obtain 


Z+w z—-W 
t=, heme nae (349. 6) 


Substitution of these expressions for + and y in (349.1) yields 


F(=5*, <A) <0. (349.7) 
From this relation we can calculate w as an analytic function of 2, and it 
follows in particular that the operation of reflection in the curve (349.1) is 
independent of the choice of the parameter ¢. The calculation of the derivative 
dw/dz from (349.7) shows that there are singular points at which dw/dz—=0 
or == 0, except in the case of a circle or a straight line; but we shall not 
prove this here. At such points, the reflection is undefined. 

Thus it should not be thought that if y is a given analytic curve, any and 
all points of the complex plane can be reflected in y. As an example of this, 
one might study the reflection in the ellipse—which is an analytic curve— 
given by 


3 2 
F(x, 9) = a+ gr —1=0. 


The Mapping of the Frontier in the Neighborhood of a 
Free Analytic Boundary Are (§ 350) 


350. Let the function 
w= f(z) (350.1) 
represent a mapping of the disc | z| < 1 onto a simply-connected region G,, 
whose frontier contains a free analytic arc y,.. If wo is an interior point of 


the arc y,,’, then by the preceding section there exists a subregion G,’ of 
G,, that is mapped by 


w=y7(), t= ww) (350. 2) 


onto a region G;’, where x(t) is regular in a neighborhood of tp = w(w»). 
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Let us assume, as we may, that G;’ lies in the upper half-plane and that y»,,' 
corresponds to a segment A*B* of the real axis of the ¢-plane. If 


z= 9(w) (350.3) 


is the inverse function of (350.1), then G,’ is mapped by (350.3) onto a sub- 


Fig. 67 Fig. 68 


Ay 
Fig. 69 


region G,’ of the disc | z| < 1, and by § 348, the frontier of G,’ contains an 
arc A,B, of |z|=—1. 
Let us now apply the theorem of § 342 to the function 


t = w(f(z)) =Al2), (350. 4) 


which is regular in the region G,’ ; this yields the fact that the function (350.4) 
is regular on the arc 4,B,. Then the function f(z)—= x(A(z2)) is likewise 
regular on the arc 4,B,, since by the preceding section the function (350.2) 
is regular on the line-segment A*B*. Hence the function f(z) can be con- 
tinued analytically across the arc 4,B,, everywhere along that arc. In par- 
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ticular, if g is an interior point of G,’ and 2* = 1/7 is its reflection in | z |= 1, 
then f(z) is defined in the neighborhood of z*, and the two points w == f(z) 
and w* = f(z2*) are reflections of each other relative to the arc yu’. 


The Mapping at a Corner (§§ 351-353) 


351. Let G, be a simply-connected region whose frontier contains a free 
Jordan arc MAN, and assume that at the point A the arc has two tangents 
AP and AQ that form an angle ma(0<a<2). Let w=—f(z) represent a 
conformal mapping of | z | < 1 onto G,. Then we shall prove that every free 
cut of G, that ends at 4 and has a tangent at A which makes an angle 


Fig. 70 


x9a(0 Sd <1) with AQ is the image of a free cut of | z| < 1 that meets 
the frontier | z | == 1 of that disc at the angle 2. 

This result is almost obvious in the case that the parts AM and AN of the 
free Jordan arc are straight-line segments. For if we denote the point 4 by 
Wo, then the intersection of G,, with a suitable disc | w— wy | < @ is mapped 


by means of F 


u = (w — w,)* (351.1) 


onto a half-disc. Now 


2 
u = (f(z) — wo)* (351. 2) 


maps this half-disc onto a subregion of | z| <1, and by § 341, the diameter 
of the half-disc in the u-plane corresponds to a circular arc on | z|—=1 on 
which the function (351.2) is regular; in particular, therefore, it is regular 
at the point 29 which corresponds to “). From this and from § 314 follows 
the truth of our statement in this special case. 
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352. The proof of the result in the general case requires the following 
preliminary proposition. Assume that the region G» contains a subregion H,, 
and that the frontiers of these two regions have the free Jordan arc ACB in 
comm6n (see Fig. 70 above). We map both G, and H, onto the interior of 
the same circle k and we norm each of these two mappings in such a way that 
the end points A and B of the free Jordan arc ACB are mapped onto the 
points A, and B, of k (see Fig. 71 below). 


K 
Ay B, - 
Cy 4 G 8 
Fig. 71 Fig. 72 


Now let y be a cross cut of the interior of x that joins 4, to B, and is itself 
a circular arc. We denote the images of y in the regions G, and H, by ye 
and yz, respectively. Then we shall show that yy lies in the (interior of the) 
Jordan region bounded by ACB and yg. 

We map the open disc bounded by K conformally onto the half-disc | t | < 1, 
Xt > 0 of diameter 4.Bo, in such a way that A2Be corresponds to the cir- 
cular arc A,C,B,. Under this mapping, y is transformed into a circular arc y’ 
that joins Ap to By (see Fig. 72). 

The half-disc may be regarded as the image of G,; then y’ is the image 
of yq’ and the image of H, is a subregion H’ of the half-disc. The same 
mapping transforms y_ into an arc 7”. What we have to prove is that 
y” lies in the circular segment bounded by y’ and AsC2Bo. 

Now the function that maps H’ onto the upper half of the disc | t| <1 
and leaves the diameter AyCoBe fixed will map y” onto the circular arc y’. 
By the Schwarz Reflection Principle (cf. § 341 above), this mapping function 
is regular on A,By and its Taylor expansion at ¢==0 has real coefficients 
only. Thus we may apply the theorem of § 294, and our preliminary proposition 
is proved. 


353. We now return to a corner of the frontier of G,, where the angle is 
na, and we shall assume only one “side” AN of the corner A to be a straight- 
line segment (see Fig. 73 below). We construct two regions G,,’ and G,.” 
with the following properties: G,’ is to contain G,, and its frontier is 
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to contain two line segments AN and AM’ that form an angle a(a + e) 
at A. G,” is to be a subregion of G, whose frontier shares with that of 
Gy» the segment AN and contains a segment 4M” that forms an angle 
a(a—e) with AN at A. 

Now we consider three mapping functions that map the regions G,’, Gw, 
and Gy”, respectively, onto the interior of the same circle K, each time in 


Fig. 73 


such a way that the common frontier segment 4N is mapped onto the same 
arc A,N, of the circle x. Let yo be a circular arc inside K that joints 4; to Ni 
and meets the arc A, N, of K at the angle 29 (0<9< 1). The inverses of 
the three mapping functions map y. onto curves y’, y, and y”, respectively, 
and by the, preceding section y lies between y’ and y”. By § 351, y’ and 
y” have tangents at A that form with AN the angles (a+ e) amd 
x & (a — 8), respectively. Since ¢ >0 was arbitrary, y must also have a 
tangent at 4, and this tangent must form the angle 20a with AN. The result 
is therefore proved in the case that one side of the corner is a straight-line 
segment. 

Finally, to settle the general case, let G,, have a corner M AN and let G,’ 
be a region that contains G, and has the corner MAK with the straight 
side AK. If we map G,’ onto a half-plane, G,, is transformed into a sub- 
region G, of the half-plane; the frontier of G, has a corner M, A, Nj, where 
M,A, is a straight-line segment. If G, is mapped in turn onto the interior 
of the unit circle, we have constructed altogether a mapping of G,, onto | z| < 1 
in two steps each of which preserves the proportionality of the angles at the 
corner. 

Every point A of the frontier at which a free arc has a single ordinary 
tangent can be regarded as a corner with the angle x. Our result thus implies 
that in this case the mapping is isogonal at A. Nevertheless, the mapping 
function may have a singularity at A and need not even possess an angular 
derivative at this point (cf. § 298). 


Miiioux’s THroreM (§§ 353-354) 107 
Milloux’s Theorem (§ 354) 


354. We conclude this chapter with an application of the Koebe-Faber 
distortion theorem (cf. § 328), an application that is actually related to the 
material of the preceding chapter. 


&-plane 
Fig. 74 
Meee 
q B’ 
t’-pl 
t-plane vont 
Fig. 75 Fig. 76 


We consider in the disc | z | < 1 a Jordan arc y that joins z= 0 to a point 
of the frontier | z|==1. If the image of y under the reflection (inversion) 
in |2|—1 ts added to y, we obtain a Jordan arc that we denoted by y’. 
By 2 we shall denote a point of | z| < 1 that does not lie on y. 


108 Part Srx. III. THe MAPPING oF THE BOUNDARY 


We now cut the 2-plane along y’, and we map the resulting region onto the 
disc | ¢ | < 1 by means of a function 


z=g(t), (354.1) 


where we assume that g(0)= 2. By our construction, the circle | ¢|==1 
is a line of symmetry of the z-plane cut along 7’ ; hence its image in the t-plane 
is a non-Euclidean straight line if |¢|< 1 is taken to represent a non- 
Euclidean plane, say the non-Euclidean line that passes through the point 
—it (t > 0) and is perpendicular to the line joining ¢==0 to t == — it. 

We now wish to find a lower bound for t that depends only on | 2) | and is 
independent of the particular choice of the curve y. To this end, we note first 
that the distance between y and any point ¢ of | z| < 1 never exceeds | z|, 
so that we may conclude from the Koebe-Faber distortion theorem—in par- 
ticular from (328.4), adapted to our present notation—that 


dz 4[2| 
|< Sao (354. 2) 


Now if we let ¢ vary on the segment that joins t == 0 to t = — it, and denote 
the image of this segment in the z-plane by y*, it follows from (354.2) that 


. * I+] (354. 3) 
1 1 1 
a lal = 2h 
and finally that 
1+t 1 1—]|2| 
2 > te2—m., 354.4 
te Viel 1+ Vis) at 


Fig. 76 is obtained from Fig. 75 by a translation of the non-Euclidean plane 
in the direction of the imaginary axis that takes E into * —0. From this 
it follows that 


nu— 


ratg% =tg —< (354.5) 


because = 2— 2a; thus if we set /|2| = tg, then 
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x—8d 1—tgB = cz 
eA Saree te (F 8), (354.6) 
whence 
a= > % _arctgV [a]. (354.7) 


Let p(t) be an analytic function that does not vanish anywhere in | t| < 1 
and whose modulus equals u(u <1) on the arc BDA, equals unity on the 


interior arc AEB, and hence equals 1/u on the arc ACB (see Fig. 75 above). 
Then we have 


RI y(0) = z— {(2n— 9) lp— Sly} 
a? (354.8) 
|y(0)| = # 


Hence by (354.7), 


4 wou VIE 
lyo|sa =e (354.9) 


Now let f(z) be any function that is of bound one and regular in the disc 
|2| <1 with a cut along y; also, let uw be the l.u.b. of the modulus of the 
boundary values of f(z) on y. Then f(g(t)) is regular and of bound one in 
the non-Euclidean half-plane 4 EBD, and its modulus along the arc BD A of 
the frontier of this half-plane is = uw. Therefore the modulus of this function 
does not exceed |, y(t) |, and we can write 


of arc tj Viel 
#20) | = [e(0))| S | y(0)| <p ete (354. 10) 


This is the content of Milloux’s theorem. The equality sign holds in (354.10) 
if and only if the Jordan arc y coincides with a radius of the disc | z| < 1 
while 2 lies on the opposite radius. 


PART SEVEN 


THE TRIANGLE FUNCTIONS AND 
PICARD’S THEOREM 


CHAPTER ONE 


FUNCTIONS OF SEVERAL COMPLEX VARIABLES 
Definition of an Analytic Function of Two Variables (§§ 355-356) 


355. We have already used analytic functions of several variables in a few 
places in this book, without bothering about a general definition of such func- 
tions. Since in the sequel we shall have to define certain analytic functions 
(of one complex variable) as solutions of certain differential equations, we 
must now acquaint ourselves with the simplest facts about functions of two 
complex variables. 

Let us consider a complex function F(x, y) of two complex variables x, y. 
The pair of variables == +4; + ive, y= 41 +iyp may be considered as 
determining a point in a four-dimensional space. We define the distance 
(écart) between two such points (x’, y’) and (#”, y”) to be the nop-negative 
real number 


E(2', 3 x", y") = |x — x" + [y’— "|. (355. 1) 


A point (+, ¥) of this space will be considered an interior point of a point 
set Wf if there exists a 6 >0 which is such that, (¥,y) being a point of 
Mf, W contains all those points (x’, y’) for which E(x, y; 2’, y’) < 6 holds. 
A sequence {(%, y)} of points of the space is said to converge to the point 
(%o, Yo) if 

lim E(x,, ¥,; 9, Ya) = 0 

v=00 
holds. Using (355.1), we can also formulate the concepts of point of accumula- 
tion and of frontier of a point set in the usual way. A region is then defined 
as an open and connected point set (cf. § 100, Vol. I, p. 97). 

Among the more important types of regions of the (%, y)-space are the 
bi-cylinders, defined as follows. Consider two regions G, and G,, of the 
x-plane and y-plane respectively. The set of points (x,y) of our four- 
dimensional space t, for which both x €G, and y ©G, is then called a di- 
cylinder. Not every region of t, is a bi-cylinder ; for example, the hypersphere 


mat aet Vit vso%* (x= atime y=. +i 9) 


is not a bi-cylinder. A detailed study of functions of several variables, and 
especially a study of their singularities, is made immensely more complicated 


113 
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by the necessity of dealing with general regions. For our purposes, however, 
we need only the beginnings of the theory, where everything can be done in 
terms of bi-cylinders. 


356. We now set down a definition of analytic function that corresponds 
to our definition for the case of one variable in § 128, Vol I, p. 124. 

DEFINITION: A function F(x, y) defined in a region & of the space Ry, ts 
said to be a regular analytic function in © if the partial derivatives OF [0x and 
OF [OY exist at every (interior) point of G. 

F. Hartogs (1874-1943) was the first to prove that if F(z, y) is a regular 
analytic function in a bi-cylinder 


Iz] SR, |y|SR,, (356. 1) 


then it can be expanded in a power series 


ya, xy” (356. 2) 


that converges absolutely and uniformly in every closed subregion of (356.1). 

The difficulties that arise when one proceeds to prove Hartogs’ theorem 
are due to the fact that the above definition only insures the continuity of 
F(#,y) as a function of x, where y is held fixed, or as a function of y, where x 
is held fixed ; thus one must first prove that F(x, y) is continuous as a func- 
tion of the four variables 41, 72, y1, ye. This kind of difficulty does not comé 
up at all in the case of functions of a single complex variable. Hartogs’ proof 
probably cannot be simplified much further ; at least, all attempts at simplifica- 
tion have so far been unsuccessful. But in Hartogs’ own arrangement of his 
proof, the main lines of thought are not brought out quite clearly ; for one thing 
because—as was customary at the time (1905)—he attaches too great an 
importance to the uniform convergence of certain series that are best omitted 
altogether and for another, because he did not use Lebesgue measure and had 
a hard time getting through the set-theoretic parts of his proof. 


Proof of Hartogs’ Theorem for Bounded Functions (§§ 357-358) 


357. The result of Hartogs stated in § 356 would be almost trivial if we 
were given also that a relation 


|F(x, 9)|<M (357. 1) 


holds everywhere in the bi-cylinder (356.1). For by the above definition of 
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analytic function, F(+,y) is a regular analytic function of y in the disc 
|y | == *,, for each separate value of x involved, so that it can be expanded 
in a series of the form 


F(x, ¥) = fox) tix) y+ - +h (2) +00. (357. 2) 


Now if | F(x,)| <M, then F(x, y) may be regarded within | + |= R, 
as a normal family of analytic functions of x that depends on the parameter y, 
whence it follows that fo(x) is analytic in the disc | x | = Re. 

For every x in this disc, the function 


Fe NaH) pa) + fla) y+ (357.3) 


is a regular analytic function of y in the disc | y| = R,. Hence the modulus 
of this function attains its maximum on the circle | y|==R,, and we have 


F(%, ) — fol#) |F(*. ¥)| + |fo(#)| 2M 
s . 
= Ry <R 


¥ v 


We can therefore apply the above argument to the right-hand side of (357.3) 
and find that fi(#) is also a regular analytic function in |# |< R,. Con- 
tinuing in this way, we find that all of the /,(%) have this property. 
Now it follows from the inequality (209.3), Vol. I, p. 207, that 
[t,(x) 7| <M (357. 4) 


holds for | y | = R,, and if we represent /,(x) by a power series 


co 
t,(x) => a,, %", (357. 5) 

p=0 

then it follows for the same reason that 
\a,, 2" 97| <M (357.6) 


holds for |x| S R,,|y| S R,. This implies that the double series 


Dy Sup 8" 9” (357.7) 
v=0 


converges absolutely and continuously in every closed subregion of the bi- 
cylinder, and this proves Hartogs’ theorem in the case of bounded functions. 
In fact, if |x|< OR, ly| << R,, where 0< (6,0) <1, then 
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co 


M 
Dy |94.% 9] S aoe aer (357.8) 


Bw, v=0 


358. Next, we wish to prove that if F(x, y) is defined and has partial 
derivatives OF /0% and OF/dy in a closed bi-cylinder (356.1), then we can 
find subregions of this bi-cylinder in which the function is bounded. In par- 
ticular, we shall prove that in every neighborhood 


lyl<e (358. 1) 


of the origin of the y-plane, there are regions G, which are such that for 
every y of G, and every x of the disc | + |< R,, the function { F(+,y) | 
remains below a finite bound. 

To this end, we first assign to every point y of the disc | y|< Ry, the 
maximum p(y) of | F(+,y)| on the circle |*|==R,, and we note that 
“(y) is finite at every point of (358.1). 

We denote by N;, (k==1,2,...) that part of (358.1) on which p(y) < k. 
By Osgood’s theorem (cf. § 193, Vol. I, p. 191), there exists at least one 
region Gy and a number ky for which N,, is everywhere dense in Gy. For 
otherwise we could find in the disc (358.1) a nested sequence of closed 
discs K,,K2,... which are such that at every point y of K, the inequality 
#(y) 2 n would hold; but the discs x; all have at least one point yo in com- 
mon, and at this point 4(o)== 00 would have to hold, and this, as we noted 
above, is impossible. Therefore there exists at least one disc 


ly—a| < g* (358. 2) 


contained in (358.1), in which N,, is everywhere dense. Then for every y in 
N,, and for every x in | x | = R., we have | F(x, y) | S o, and since F(#, y) 
is a continuous function of y, this inequality is also valid at all points of the 
bi-cylinder 


|*|< Re, |[y—al<e* (jal +e*<o). (358. 3) 


Thus the statement made at the beginning of this section has been proved. 


Proof of Hartogs’ Theorem in the General Case (§§ 359-361) 


359. The decisive steps in the proof are contained in the following lemma 
of Hartogs. 


Let F(x, ¥) be a regular analytic function in the bi-cylinder 
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|x| <Re, |y| SI ool. (359. 1) 
Also, let | F(x,y)| <M for 


Ix] S[Re|, [yl Slat (lyil<|yl). (359. 2) 


Then F(x, 4) is bounded in every bi-cylinder 
lel<r, [yl S|yl. (359. 3) 


where r is any number < Rz, and | y, | any number between | y, | and | yo |. 


To prove this, we again represent F(x, y) by a series 


F(x, 9) = fox) + A(*) ¥ + fala) 9? + °° (359. 4) 


and note that by (359.2), the argument of § 357 can be used to show that the 
f,(*) are analytic functions. We can then determine a number R between 
r and R, which is such that none of the (at most denumerably many) zeros 
of the functions /,(x) (v= 0, 1, 2, ...) lie on the circle | x |= R. 
Everything now depends on obtaining bounds for the functions 


I7,(#) v0] (v=0,1,2,...) (359.5) 
in the disc | + |= R. We first have, by (359.2), that 


v 


ae), (359. 6) 


t*) oy 
M y V1 


0| < 


Now denote by P, the set of all arcs of the circle | #|==R on which the 
left-hand side of (359.6) exceeds unity. Also, let + be a fixed point on this 
circle. Since the right-hand side of (359.4) converges for y = 4o, there is a 
number n, for which |f,() yg| << M for all v > ,. This means that for all 
sufficiently large values of v, the point x does not belong to the set P, and 
hence does not belong to the union Q,= P,+ P,,, +--+. The intersection of 
all of these open sets Q, , therefore, cannot contain the point x, and since x 
was an arbitrary point of the circle | x | == R, the intersection is empty. If mQ, 
denotes the Lebesgue measure of Q,, then by a well-known theorem? we have 


lim m Q,= 0 
v=00 


and hence also 


*C. Carathéodory, Vorlesungen tiber reelle Funktionen, 2nd ed. (Chelsea Pub. Co., 
New York 1948), § 265, Theorem 15. 
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lim m P,=0. (359.7) 


v=oO 


360. Now we consider the functions 


h Jr ef?) = —_ 


+2 |y|, («=re', |x|<R, »=1,2,...), (360.1) 


which are harmonic except for a finite number of singularities at the zeros 
of f,(x), and by means of the Poisson Integral we construct non-negative 
harmonic functions g,(r e**) in the disc | + | << R that are equal to /| yo/y | 
on the point-sets P, and that vanish at all the remaining points of the circle 
}~#|=R. A comparison of (359.6) with (360.1) then yields 


g(r e**) = h,(r e**) (360. 2) 


everywhere in the disc |x| < R. This is the first application known to the 
author of the concept of harmonic measure, which was rediscovered and used 
with great success in recent times by R. Nevanlinna. Now we can find bounds 
for g,(r e**) as follows: First, we have by § 157, Vol. I, p. 153, that 


entre’) <g,(0) 2+", (360.3) 
and second, we have 
P, 
g,(0) =1 Ze one (360. 4) 


whence it follows by (359.7) that the sequence of g,(x) converges to zero 
uniformly in the disc | x | 7. Thus for any given e > 0, we have by (359.1) 
that for all sufficiently large v, and for all x in | x |r, 


1 t 'y(*) 
A a 


v 


+1 |< 
holds, so that 


<M. 


(*) 
ee 
Finally, we can assign to every ¢ a positive number M, which is such that for 


all y=1,2,..., 
CG) 


holds true. The lemma of Hartogs then follows from the fact that for every 
ye with | ye| < | yo|, we can determine ¢ from the equation 


<M, (360. 5) 
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: (360. 6) 


Iva| = | 22 


361. We now combine Hartogs’ lemma with the result of § 358 and con- 
clude from this that F (+, y) is bounded in the bi-cylinder 


js) Sr<R,, |y—al<R,—2|al, (361. 1) 
and hence also in the bi-cylinder 
[xl <7, |y] SR,-3|al. (361.2) 


But we had | a| < @, and g was any positive number of our choice. There- 
fore F(#,y) must actually be bounded in every closed bi-cylinder that lies 
in|*|< Ra, |y¥|< Ry. Together with the result of § 357, this finally yields 
Hartogs’ theorem, which we state once more, as follows: 


If the complex function F (x, y) is defined and has partial derivatives 0F [0% 
and OF /0y everywhere in the bi-cylinder | «|< Re, |y| < Ry, then it can 
be represented by a double series 


co 


F(x,y)= Dia, x" y’ (361. 3) 


u,v 


that converges absolutely and continuously everywhere in the bi-cylinder. 


Properties of the Function F(x, y) (§§ 362-363) 


362. From the representation of the function F(x, ¥) as a double series 
it follows immediately that F(x, y) is continuous as a function of its two 
variables, and it follows also that all of its partial derivatives of all orders 
exist. We see that each of the various partial derivatives is itself a regular 
analytic function and that all of the well-known formulas of the differential 
calculus, such as, for example, 


OF OF 
Oxdy Oydx’ Sa 


are valid here. Also, if == (u,v) and y=vy(u,v) are two regular ana- 
lytic functions, then 


Glu, v) = F(g(u, »), (u, »)) (362. 2) 
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is itself a regular analytic function of (u,v), and the following relation (as 
well as various others like it) holds true: 


0 OF dp OF oy 


Oe Oe on Or Oa (362.3) 


Moreover, by § 130, Vol. I, p. 128, we have 


1 FG») Fé, 1) 
F(x, 9) = gaz [ FE) at = - we | Gna gutsy Han. (362.4) 
Vx 


363. The theory of normal families can likewise be applied to functions of 
two complex variables. The developments of §§ 174-181, Vol. I, pp. 173 ff., 
involving the concept of continuous convergence, apply to point functions 
generally and can therefore be applied immediately to functions of two variables. 

Let us now consider a sequence {F,(x, y) } of uniformly bounded analytic 
functions defined in the bi-cylinder 


lx|< Re, |y|<R,- (363. 1) 


Given ¢ > 0, we can assign to every point (7, yo) of this bi-cylinder a 
neighborhood 


|%¥— %| <6, |y— | <6 (363. 2) 


in such a way that for all m and for every fixed y in | y— yo | < 6, the func- 
tions F,(+,y) have an oscillation in the disc |.+— x. |< 6 that does not 
exceed ¢; this follows from Schwarz’s Lemma. Since a similar statement 
holds with x and y interchanged, it follows that for any two points of (363.2), 
the inequality 


lFa(z’, 9’) — Fa(x’, 9") | < 2e (363. 3) 


holds. Therefore the limiting oscillation of the sequence { F,(x, y)} vanishes 
at every point of (363.1), which implies that there exist subsequences that 
converge continuously in (363.1). The limit function F(z, y) of such a 
subsequence is of course analytic, since it represents, for fixed values of y 
(or #), an analytic function of x (or of y, respectively). 


Analytic Functions of More Than Two Variables (§§ 364-365) 


364. The proof of Hartogs’ theorem in §§ 357-361 can be extended to 
functions of more than two variables by means of mathematical induction ; this 
yields the following theorem: 
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If the function 
F(z, «+s 2n) (364. 1) 
is defined in the poly-cylinder 


lal SR, [ze] S Re, ---» [zn] S Rp (364. 2) 


and has partial derivatives QF /0z, in this poly-cylinder, then the function can 
be represented at every interior point of (364.2) by an absolutely and con- 
tinuously convergent multiple power series 


3) 


S Miig te eee: (364. 3) 


Pry ecey =O 


A function of this kind is called a regular analytic function. 


We shall sketch the proof of this theorem for n==3. Thus, let there be 
given a function 


F(z, y, 2), (364. 4) 

defined in the tri-cylinder 
[xi SR,, |y| SR,, |2| SR, (364. 5) 

and having the derivatives 


or OF OF 
Ox’? = Oy’?— Oz 


in this tri-cylinder. By the theorem for two variables, we can expand the 
function (364.4) at every point x of the disc | x | S R, into a series 


co 
Dy bur(X) 9" 2" (364. 6) 
4,9 =O 
If in the tri-cylinder (364.5) we have 
|F (x,y, 2z)| <M, 


then we can prove, just as in § 357 above, that all of the /,,,(x) must be regular 
analytic functions and that the expansion 


iJ 
F(x,y,2)= DY ay, %' 9% 2” (364.7) 
0 


A, hy v= 
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has all of the required properties. We now assign to every point (y, 2) of the 
bi-cylinder |y| S R,,|z] SR, th maximum u*(y,2) of | F(x,y,2)| on 
the circle | + | == R,. Using the fact that u*(y, 2) assumes only finite values, 
we can show as in § 358 above, with the aid of Osgood’s theorem, that in every 
neighborhood of a point of (364.5) there exist six-dimensional subregions in 
which F(x, y,2) is bounded. 


365. The lemma of Hartogs (cf. § 359 above) can be extended just as 
easily. To this end we note first that we may assume, without loss of generality, 
that Ry == R, in (364.5). Then if 4 and 4, < 4 are two positive numbers 
less than R, (and R,), we shall assume that F(+,y,2) is analytic in the 
tri-cylinder 


|x| SR, |y| Sm, |2| Sm (365. 1) 
and bounded in the tri-cylinder 


lz] SR |yl Sm, [2| Sm- (365. 2) 


With this as a basis, we can prove that in the representation (364.6) all of 
the /,,,() are analytic, and we then choose a number R < Ry which is such 
that on the circle | x | == R, all of the /,,(x) are different from zero. This 
entails that the following relation holds at every point of the disc |x| SR: 


tal gus 


< (=r. (365.3) 


Now if P,,, denotes the set of all those arcs of | x | == R on which the left-hand 


side of (365.3) exceeds unity, it follows as in § 359 above that for any given 
e > 0 there are at most finitely many P,, for which 


mP,,>e (365. 4) 


holds. 
For all u,v, we now form the harmonic functions 
fie ae, ES 
hylt Oy = oh eae cas (365. 5) 


and we assign to these by means of the Poisson Integral the functions 


8,(7 e*) = h,,(r e**) (365.6) 


that have the value Jjo/m on the point sets P,, and vanish at all other points 
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of |4|==R. Then in every disc |x| S17 (7 < R), we have (cf. § 360) that 
8url*) SE 


provided we take + » sufficiently large. The remainder of the proof follows 
the lines of §§ 360-361. 


Some Theorems on Differential Equations (8§ 366-368 ) 


366. Frequently an analytic function w= f(z) is defined as being a solu- 
tion of a differential equation of the form 


a: 
< = F(z, 2). (366. 1) 


We shali make the assumptions 


F(z,w) regularin |z| $2R, |w| S2R, (366. 2) 
\F(z,w)| <M in |z|S2R, |w| <2R (366. 3) 


and we shall prove that under these assumptions, equation (366.1) has a 
uniquely determined solution 


w = f(z,a) with f(0,@) =a (366. 4) 


that depends on the parameter a. Here f(z,a@) denotes a regular analytic 
function of two complex variables that is defined in a bi-cylinder 


[jz] Sr, lal SR. (366. 5) 


To prove our statement, we begin by considering any analytic function 
y(z,a) of two variables that is defined in a bi-cylinder 
jz] sr<2R, |a| SR (366. 6) 
and satisfies the condition 


|o(z,a)|S2R (366. 7) 


in this bi-cylinder. Then F(z,g(z,a@)) is a regular analytic function of z 
and a in the bi-cylinder (366.6) and satisfies the condition 


[F(z, p(@, @))| SM 
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in the bi-cylinder. We shall now investigate the function 
p(z,a) a+ i F(z, p(z, a)) dz. (366. 8) 
é 


At every point of the bi-cylinder (366.6), the function (366.8) is regular and 
satisfies the inequality 


|y(z,4)| S|al+ MrSR+Mr. 
Now if we set 
: R 
y= min (2 R, sm) ; (366. 9) 
then we have 


3R 
lv(z.a)] S>, 


so that y(z, a) satisfies all of the conditions that we imposed on (z, a). 
Now we set, successively, 


2 


fol, 4) = 4, fa(2,) = a+ / F(t, falt,a))dz (w= 0,1,2,...) (366.10) 


and we note that with r determined by (366.9), all of the functions f,(z) are 
regular in the closed bi-cylinder (366.6) and that 


liza) <2 (w= 0,1,2,...) (366.11) 


holds in (366.6). 

The sequence of functions (366.11) is normal. We shall prove that in a 
certain neighborhood of the origin (z,a)==(0,0), the functions f,(2,@) con- 
verge continuously to a limit function f(z, a). 

367. To prove the last statement, we define by means of 


F(z, w) — F(z, w) 


for 
= W + Wo, 


Pz, w, Wy) = a 
(367. 


Vz, w, M) = £ Fe, w) oe, for w= WwW, 


a function of three complex variables that is seen to be defined and regular 
in the tri-cylinder 


jz] <2R, |w])<2R, |w|<2R 
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Therefore Y{z,w, wo) is bounded in every smaller closed tri-cylinder, so 
that for, say, 


lalsr, [wl <3? |w i s3* (367. 2) 
we can write 
|P(z, w, w)| SN. (367. 3) 


But by (367.1), the identity 


F(z, falz, a)) == F(z, fail, a)) 


367.4 
Fa Pz, fA(2, a), farlz, a)) 7 (fal2, a) = fn—r(2, &)) ( 


holds not only at the points of the bi-cylinder (366.3) at which 


falz, a) + fa-alt, a) 
but also at those where 


fal2, 4) = fna(2, 4). 


We obtain therefore from equations (366.10) that 


fnsal®, a) — fal, a) eae falz, a), frail, a)) : (fn(z, a) = fn (2, a)) dz. (367. 5) 


Now we set 
a, = max |f,(z, 4) —fa»(z,4)| for |z2| S7,|a] SR, (367. 6) 


and we select r in such a way that all of the relations (366.11) hold. Then by 
(367.3) we also have 
| Pz, falz, a), fa-1(2, a))| — N, 
and from (367.5) we obtain 
\fnsa(2, a) a Taz, @)| Ss N ran, 
so that 
Oni SNra, 


holds. We now place an additional restriction on the size of r by setting 
r=min(2R, 575 gr): (367.7) 


whence we obtain 
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Gy 
Qnti ° 


tu SHS 


Hence in the bi-cylinder of (367.6), with r further restricted by (367.7), 
the limit function 


f(z, 4) = lim f,,(z, a) 


n=o0o 


exists, and the convergence is uniform. The last fact, incidentally, not only 
follows from the general theory but can also be gleaned directly from our 
formulas, since we can write 


[fnl2 4) — H(z, @)| S| fn — fatal + fata — fava] ++: S2eqyr. (367.8) 


Finally, to establish the fact that the function f(z,@) just obtained is a solu- 
tion of the differential equation (366.1), we need only observe that 


fasi(%, 4) = @ + / F(z, f(z, a) dz+ | P(z, fale, a), f(z, 4) -(fa(z.@) — f(z, @)) dz, 


and that the modulus of the last term on the right-hand side goes to zero 
as n increases. 

368. The function w= f(z, a) that we have constructed above is the only 
function of g and the parameter a which satisfies both the differential equation 
(366.1) and the boundary condition f(0,a)— a. To prove this, let g(z, a) 
be another function that depends on the parameter a and for which 


g(z,@) =a+ | F(z, g(z, a)) dz (368. 1) 
6 


holds ; we do not even have to assume that g(z,@) is an analytic function of 
two variables, but merely that for every value of a from the disc |a| < R, 
the function g(z,a@) is a regular function of | z| in some disc |z|<@. In 
any case, it then follows that 


fle, a) — gle, a) = [ P(e, Hea), ele, a))-(f(e, 2) — ele, a)) dz. (368.2) 
0 


For any fixed value of a, let us now denote the maximum of | f(z, @) — g(z, a) | 
in the disc | z| = by w(@). This first implies, by (368.2), that 


Sysrems or DirFERENTIAL Equations (§§ 367-369) 127 


f(z, a) — g(z,a)| < Ng w(e), 


and hence also that 


0 S ae) S Ng aie). 


Thus if @ is selected in such a way that Ne < 1 holds, w(g) must vanish. 


Systems of Differential Equations (§ 369) 


369. The existence and uniqueness proofs, given in §§ 366-368, for the 
differential equation (366.1) with a boundary condition (366.4), carry over 
without any but obvious modifications to systems of first-order differential 
equations. The statement of the corresponding theorem is as follows: 


If the functions 
F(z; W1, We, ---, Wn) (R=1,...,%) (369. 1) 


are regular analytic functions in the poly-cylinder 


|2|< R,, |w,|<R, (v=1,...,”) (369. 2) 
and if the point 


Z=%, w,=Q, (y=1,...,”) (369. 3) 


lies in (the interior of) the region (369.2), then there exist a neighborhood 
|2—20| <r of 2 and n functions f,(z)(v=1,..., ») regular in this neigh- 
borhood that satisfy the following relations (where we set we=fr(2), 
k=1,...,n): 
f,(o) = Q, (369. 4) 
and 
au 


a =F,(z;w,...,W,) (R= 1,...,”). (369. 5) 


The functions f,(z) are determined uniquely by the two conditions (369.4) 
and (369.5). 


The theorem and its proof can be extended to the case that the functions 
(369.1) also depend on p parameters 4,,..., 4) and are analytic in a poly- 
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cylinder of the space of the variables (z; w,,..., @aiAy,-+.,4y). It can be 
proved that in this case the solutions /,(z; @,,..., @,3 Ay, ---, Ay) are analytic 
functions of all x + p + 1 variables z,a;,4;. This can be done, for instance, 
by showing that the approximating functions that occur in the course of the 
proof are themselves analytic and bounded in the » + + 1 variables and 
therefore constitute a normal family. 

As is well known, differential equations of higher orders, or systems of 
such equations, can be reduced to systems of first-order differential equations 
by the introduction of new variables, and to the latter systems the above results 
can be applied. 


CHAPTER TWO 
CONFORMAL MAPPING OF CIRCULAR-ARC TRIANGLES 
The Schwarzian Derivative (§§ 370-374) 


370. The aim of this chapter is the study of the mapping of arbitrary 
circular-arc triangles (ie. regions whose frontier consists of three arcs of 
circles). We shall develop analytic expressions for the mapping functions, 
expressions that can also be used for the numerical calculation of these func- 
tions. What we shall present here is one of the most complete branches of 
analysis, to which many of the most outstanding mathematicians of the 19th 
century have contributed. 

By the Riemann Mapping Theorem (cf. § 323), every circular-arc triangle 
can be mapped conformally onto the interior of a circle or onto a half-plane. 
We shall norm the mapping function 


u==u(z) (370.1) 


in such a way that the three vertices of the triangle are the images of the 
three points z= 0,1, and «0. By a proper choice of the order of these vertices, 
we can also arrange for the interior of the triangle to correspond to the half- 
plane $2 > 0. Now the Moebius transformation 


au+b 


os cut+da 


(370. 2) 


transforms u(z) into w(z), where w(z) also maps the half-plane S(z) > 0 
onto either the interior or the exterior of a circular-arc triangle. The vertices 
of this new triangle are at the points w(0), w(1), and w(c ), and these three 
points can be made to coincide with any three pre-assigned points of the 
w-plane by a suitable choice of the coefficients in (370.2). We know from 
§§ 70-72, Vol. I, pp. 59 ff., that the shape of a circular-arc triangle is uniquely 
determined by its angles which we shall always denote in the sequel by 
nA, mu, and my. Besides ordinary circular-arc triangles with non-zero angles 
we shall also study those having one or more cusps; however, we shall not 
consider triangles with re-entrant corners, although the theory can be extended 
to that type as well. Thus 4, u,v will be subject to the conditions 


0<(Ap,) <1. (370. 3) 


129 
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H. A. Schwarz proposed and solved the problem of finding a relation among 

the functions 4, w, and their derivatives that is independent of the coefficients 

a, b, c, d and hence independent of the position of the circular-arc triangle in 

the plane. The calculations that lead to a solution of this problem are as follows. 
From (370.2) we obtain by successive differentiations that 


1 aa—be ‘ait 4 iw qj , 2cu 
(Cutae”? a “ae Gare? 
or, setting 
4 tw’ =W, (370. 4) 
qd, 
alu =U, (370. 5) 
that 
w=u- =, (370. 6) 
Another differentiation yields 
U'_ We 2cu" 2ctu’? 


cut+d (cu+td)° 


Now u” = w'U, and by (370.6) we also have 


We finally obtain 


U'— W' = U(U — W) — 5 (UW) = > Ut Sw. 


This result may also be written as follows: 


t} 2 2 2 
ga lw ->(Zlw)'= Biw-F (Ziv). (370. 7) 
The two sides of this relation represent a differential invariant that is inde- 
pendent of the coefficients a, b, c, d, that is, invariant under the transforma- 
tions (370.2). The left-hand side of (370.7) is called the Schwarzian derivative 
of w with respect to z, and following Cayley (1821-1895), it is usually denoted 
by the symbol {w, 2}; thus 


A (370. 8) 
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371. If we substitute the mapping function w(z) of a circular-arc triangle 
ABC into the formula for the Schwarzian derivative, we obtain a function 


{w, z} = F(z). (371. 1) 


Schwarz calculated this function F(z) explicitly, and this is what we shall 
now proceed to do. 

To begin with, w(z) is regular at every point 2) of 3(2) > 0 and satisfies 
w’ (2) + 0, so that by (371.1), F(z) is likewise regular at 29. By the Schwarz 


a! 
c 
al 
B 
A 
c! 
Fig. 77 


Reflection Principle, F(z) is regular on the real axis of the 2-plane, except 
at the points g = 0 and z= 1 which correspond to two of the vertices of the 
triangle. The reflections (inversions) of the circular-arc triangle ABC in its 
three sides yield three new triangles A’CB, B’AC and C’BA (see Fig. 77 
above). Since any two of these new triangles can be mapped onto each other 
by means of two successive reflections in circles, they are also the images of 
each other under a Moebius transformation (cf. §51, Vol. I, p. 41). The 
mapping functions of the new triangles (i.e. the functions that map a half- 
plane of the z-plane onto these triangles) are obtained by analytic continuation 
of the function w(z) across the segment 0 < *< 1 and across the rays 
1 < + and x < 0, respectively. In this way, we obtain three functions which 
when substituted in (371.1) always yield the same function F(z). Thus F(z) 
is a single-valued analytic function that has no singularities except possibly 
at g==0 and z=1. 


372. We now wish to determine the expansion of F(z) at z==0, and to 
this end we first assume that the angle 24 is > 0. We then use a Moebius 
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transformation to map the vertex A of the triangle onto the origin and to map 
the sides 4B and AC onto two straight-line segments the first of which lies 
on the real axis. This done, the mapping 


1 
v= w' (372.1) 
c 
“ 
A 8 G B; 
w-plane v-plane 
Fig. 78 Fig. 79 


transforms Fig. 78 into Fig. 79; in the latter figure, the boundary in the 
neighborhood of v==0 (i.e. near the point 4,) coincides with a segment of 
the real aixs of the v-plane. It follows that 


1 


wi == Ayzt+Agztt-, A, +0 
so that 
w= 2(agt+az+--), ay +0 (372. 2) 
and 
w! = 271i) + bz +--), by + 0, (372.3) 


where the power series on the right-hand sides have a non-zero radius of 
convergence. 

If the triangle ABC has a cusp at A, that is, if A==0, then we can map 
the point 4 onto the point at infinity by means of a suitable Moebius trans- 
formation that also takes the two sides 4B and AC into two parallel rays 
whose distance from each other is 2, and we can even arrange for one of these 
rays to be a part of the real axis of the v-plane. Hence we can write in this case 


e'*™—Cyz+Cyzt-, C, +0 
and 
,_ il : Cyt 2Cgz+5-- 
ma Crz+C,22+--- 
We see that equation (372.4) has the same form as equation (372.3) if we 


set 1==0 in the latter (but the numbers b, are of course not the same in the 
two equations). 


(byt bzt--), byt O- (372.4) 
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373. We therefore have in both cases that 

a yi _ Ai 

wee Peas dis ae (373. 1) 

£1 ore “4 + a regular function, (373. 2) 

1 /d \? 1 —J)2 1—A ; 
~*2. Ca Iw’) --! a + ¢)—— + a regular function. (373. 3) 
This yields 
(373. 4) 


F(z) = {w, z} = i? + 4 + a regular function. 


An entirely analogous procedure shows that in a neighborhood of z= 1 the 
expansion of F(z) has the following form: 


+a regular function. (373. 5) 


_ 1-4? h 
FQ) = a-gF t To2 
Finally, to investigate the behavior of F(z) in the neighborhood of z== 0, 
we first note that if we set g==1/t, then in the neighborhood of t==0 we 


have, by (373.4), 
(373. 6) 


1—»? Ah, 
{w, t} = Se + -' + a regular function. 


Now in passing from z to ¢, we have 
ne bw’ = 152 4 20+ mi, 


Pe hee ee ee es Pada 
oe ae as 


‘ d dw 
— #5 (1-2) — 24, 


a dw d dw 
(1) +285 (0) +22, 


moe kr 


5 (1G) - 20 (1) - 28. 


Hence we have 
F(z) = {w, 2} = #4 {w, t} (373. 7) 


and a comparison with (373.6) yields 
(373. 8) 
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Therefore the expression 


1-2 hy 1 — p? hy 
22? Zz 2(1—2)? 1—z 


F(z) — (373. 9) 
is regular in the entire plane and converges to zero as z goes to ©. Hence by 
Liouville’s theorem (cf. § 167, Vol. I, p. 165), the expression (373.9) must 
vanish identically, so that 


— ae 


Fe) = Fa z * 20—a? 


(373. 10) 


It also follows from (373.8) that 


1—y, 


limzF(z)=0, limz? F(z) = ae 


= 00 s=00 


(373. 11) 


and this together with (373.10) yields the relations 


(373. 12) 


the latter because of 


We have thus obtained the following final result: 


tat adapt | 1a ytt ot 
Fi) Faq y oa (373. 13) 


374, The result expressed by (373.13) is due to Schwarz and may be 
stated as follows: 

Let the half-plane 32 >0 be mapped conformally onto an arbitrary 
circular-arc triangle whose angles at its vertices A, B, and C are ni, np, 
and anv, and let the vertices A, B,C be the images of the points z=0, 1, o, 
respectively. Then the mapping function w(z) must be a solution of the 
third-order differential equation 


fo ggylt? ___ ” —j2 —- 22 ~ J2 2 2 
{w, 2} w! w 302 1-4 L 1—y 1~—A?~ pw? + ¥ (374. 1) 


w ner: 2(1—2)? 2z(l—2) 
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If wo(z) is any solution of (374.1) that satisfies w»’(2) = 0 at all interior 
points of the half-plane, then by § 370 above, the function 


aw,(z) +6 


w(z) = c wo(z) + 4 


(ad—be+0) (374.2) 


is likewise a solution of (374.1). It follows from this that every solution of 
the differential equation (374.1) that is regular and non-constant in the half- 
plane Sz >0 represents a mapping of this half-plane onto a circular-arc 
triangle with angles ni, nu, and nv. 

The last two results together yield a theorem that we had already obtained 
in Chap. 3, Part I, Vol. I, to the effect that from any given circular-arc triangle 
with angles 24, mu, and av, we can obtain all other circular-arc triangles 
having the same angles by means of Moebius transformations. We have thus 
reduced the conformal mapping of circular-arc triangles to a problem of pure 
analysis ; what remains to be done now is to actually carry out the integration 
(i.e, the solution) of the differential equation (374.1). 


Reduction to the Hypergeometric Differential Equation (§§ 375-377) 


375. We begin with the following observation: Every solution of a second- 
order linear homogeneous differential equation 


ul’ + p(z) wu’ + gz) 4u=0 (375. 1) 


can be represented as a linear combination of two particular solutions u,(z) 
and “2(z). For example, if 2) is any point of the z-plane at which p(z) and 
q(2) are regular, we can select u,(z) and u2(z) as those solutions that satisfy 
at 2 the initial conditions 1(z9) = 1, mj(2o) = 0, and (zo) = 0, ug(29) = 1, 
respectively. Then every solution of (375.1) can be written in the form 


u(z)=au(z)+bu,(z), (a= u(z), b= u'(29)) (375. 2) 


where a and 0 are finite constants. 
Now it so happens that the Schwarzian derivative of the quotient 


_ 4% tdbtty 
errer Ts (375. 3) 


can be expressed in terms of the coefficients p(z) and q(z). For if we set 
v= u,/u1, then we find that 
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ta ta 
y= Uy Ug — Ug Hy 
air” Samar 
i 
at ae 
a lv’ Uy Ug — Uy Hy gm” 
dz Uy Us — Ug Uy u,’ 


and since 


uy =—puy— qu, Ug’ = — pp Ug— J tte , 

it follows that 
da hos uy 
al Spa 


a? j . uy uy? 
ee Oe) eee a at “i 
x (Ge?) -F-2pB-2 


ae 
uy 


Therefore we finally have 


{v,}=2q-p-2. (375. 4) 


376. Now if we determine the coefficients p and g in (375.1) in such a 
way that 


eR 1—p? 1—A9— pts yt 
24-8“ =—an- + QG-aF + aay ~—«376-1) 


then the quotient w of two arbitrary solutions of (375.1) yields the general 
solution of the differential equation (374.1). If we set, for instance, 


b 
p=t+5—, (376. 2) 


where a and b are arbitrary, then we must have 


1—A?—2a+ a? 1—p?+ 2b+4 d8 1—A?— yw? + v%*+ 2ab 


“a= 2a 20-23 22(1—2) 


(376. 3) 


The expression for q is simplified if we choose a=1—A, —b=1— pe; for 
we find that in this case, 


_1-4  t=p  1-a-—2@-1—p) 

8 1—z z(1—2) % 
— _ 0-A—pt+») (L-A—p—) 

= 4z(1—2) : 


p 


(376. 4) 
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For this choice of p and g, equation (375.1) reduces to the celebrated hyper- 
geometric differential equation 


a(l—2)u"+[y—(«+B4+1)2]) 4 —apu=0, (376. 5) 


the study of which even goes back to Euler and Gauss. To make the two 
equations identical (with the choice (376.4) ), we must also make the follow- 
ing identifications: 


A=1-y, w=y-—a-—B, v=a-—8 (376. 6) 
and hence 


zl-A-mw+), BHZ(l-a-p-, y=1-A. (376.7) 
We also note that 


y-B=5(L-Atu+y). (376. 8) 


The hypergeometric equation (376.5) has the property of being transformed 
into an equation of the same form if the independent variable z is replaced 
by 1—y or by 1/¢; this expresses certain symmetry properties of the three 
points 0, 1, and 0, which were to be foreseen from the method which we 
chose for deriving the differential equation (376.5). 


377. The point z= 0 is a singular point of the hypergeometric differential 
equation, and the existence theorem of § 369 therefore does not apply in the 
neighborhood of this point. However, we can verify by a direct method that 
(376.5) has one and only one solution that is regular in the neighborhood 
of zg=0 and is represented by a series of the form 


Ma Lt eyztegz?t-- + o,2 +--+, (377. 1) 
For if we form the series for u’ and w” on the basis of (377.1) and substitute 


them (as well as (377.1)) formally into (376.5), then the coefficient of 2” 
in the expansion of the left-hand side of (376.5) becomes 


(y+ 1) ve,,,-v(y—le,t+y (yt 1c,,,-@+B+1) rc,-afpe 


"\ (377. 2) 
=(?+1)Y+)¢,,-@+yBt+»)¢, 


This coefficient vanishes for v=0,1,2,... if and only if we set 
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a B 
ne 
ay 


— *@+1)B(B+1) 


A Ley th (377. 3) 


Ce 


= a(a+1)---(a+v—1) B(B+1)---(B+rv—1) 
1-2+-eepey (pt) (y+ y—1) . 


The series (377.1) satisfies our differential equation formally; it is known 
as Gauss’s hypergeometric series 


ny a @ (a + 1) B(B +1) as 
Fe, Bysa)=1+ "4+ Sa pen Ft : (377. 4) 
This series makes sense only if y=-0,—1,—2,---. It reduces to a poly- 


nomial if either a or 8 equals a negative integer. In all other cases we have 


fru _ (a +») (B+) css 
a  anoen om 4 ci?) 


ymoo ” 

so that we see by § 207, Vol. I, p. 204 that the radius of convergence of the 
series is equal to unity. Thus we see that our formal operations were justified, 
and we have the following theorem: 

In all but the exceptional cases listed above, Gauss’s hypergeometric series 
(377.4) is a@ solution of the differential equation (376.5), and it is the only 
solution that is regular at the point z=0 and assumes the value unity at 
this point. 


The Hypergeometric Series (§§ 378-380) 


378. In the problem that led us to the hypergeometric equation—the 
problem of determining the mapping functions of circular-arc triangles—the 
numbers y, w, v are real and satisfy 0 <(A,u,v) <1. Hence by relations 
(376.7) and (376.8), it will suffice to consider values of a, 8, y from the 
intervals 


—l<aS1, -1<fS1, 0<y<1 (378. 1) 


and for which, also, y— 8 > 0. 
These restrictions enable us to find a very simple estimate of the remainder 
of the hypergeometric series and to give a bound for the error that is sufficiently 
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ractical to serve for numerical calculations. We need merely observe that, 
by (378.1), the coefficients c, all have the same sign and decrease mono- 
tonically as v increases, because 


foun uty Bt = 
o< Pass rer a (378. 2) 
Hence if we set 
R,=6,,, 27 +6492 7% +05 (378. 3) 
we obtain the estimate 
Cygy 27tt 
|R,| < ao mere 2 (378. 4) 


379. In the case w= y—a— > 0, the series for F(a, 8, y; 2) con- 
verges also for ==1 and therefore converges everywhere on its circle of 
convergence. We wish to derive a bound for 


R,= Gait Gaat (379. 1) 


in this case too. To this end, we shail need a sequence of positive numbers 
ct, cf, ... whose sum is convergent and that have the property that for v > vo, 


Coat Oa Cyn by 
ct ~ oF? Caey oy 
holds. Then if we set 
RF = Ft Rete: (379. 2) 


and choose v > vo, it follows that 


|R,| z le4at Sy.e% ot = 


(379. 3) 
< | 41! Re < | S| Re, 
1 San | 7 | aa |” 
For the terms c¥ of the comparison series, the numbers 
ct = 379.4 
y ~" ylte? ( 4) 


with @ > 0, will do. To verify that they have the required property, we must 
show that 


aty Bty pite 
l+y yt+o © (14 ne’ 
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that is, that 


y 
144 
1\e v 
(1 2 ) i (379. 5) 
v a B 
(2+) (+4) 
holds. Thus we must choose g > 0 in such a way that 
1 y a\ B 
gt (1+) si(1+%)-1(1+ 4) 1(1+ e 
holds. But by relation (253.2), Vol. I, p. 262, we know that 
1 @ 
of (1 + =) < or 
y % B y-o—-b 
Therefore it suffices to take 
2 
eSty-a-f)-z. (379. 6) 


If this inequality holds for a certain value of v, then it also holds true for all 
larger values of v. Now we have assumed at the beginning of this section 
that y—a«— B> 0; hence if we select an integer vo for which 


2 
%? Fo—a—p 


and if » > v9, then we can determine a positive @ in such a way that for 
y,y+1,42,...,the relation (379.6) holds. Hence by (258.4), Vol. I, 
p. 268, we have 


1 1 
Re 2 pe Son ee 
and by (379.3), 
Cyst 1 
|R,| Ss tha on” (379. 8) 
This implies that 
lim R, = 0. (379. 9) 


Thus we have proved the convergence of the series 


>» Note that the second inequality also holds for negative values of « and B, since we 


always have i(1 + +) s =. 
” v 
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F(a, Boyi2z) =1ltoyzt cgz*t-: 


for |z|—= 1, and we have at the same time obtained an estimate for the 
remainder on | z|==1. 

380. Let us take a closer look at the estimate (379.8) of the remainder R,,. 
We note first that we can replace vp by v in (379.8). Second, we can use the 
gamma function to express c,, by (377.3), in the form 


Pet»  Pp+ PF) ry) 


= Ta) T@ Tatyn ' Ty+ 


(380. 1) 


Now we use Stirling’s Formula (276.14), Vol. I, p. 293, to get bounds for 
the quantities in (380.1) that depend on v, and we thus obtain 


Ty) 1 


& I'(a) I'(B) . pity-a-B E, (380. 2) 
a lim E,= 1. (380. 3) 
y= 00 
This finally yields 
fy | i ry) 1 
elo | T@ I) E, yo-a-B)=e" (380. 4) 


By using more terms of Stirlings’ series (cf. § 277, Vol. I, p. 293), we could 
of course secure still better bounds. 


Calculation of F(a, B,y;1) (§ 381) 


381. Two hypergeometric series F(a, 8, y; 2) and F(a’, B’, y’; 2) are said 
to represent two contiguous functions (according to Gauss) if any two of the 
parameters of one function (for example, a and 8) agree with the corres- 
ponding parameters (in the example, a’ and f’, respectively) of the other 
function, and if their third parameters (in the example, y and y’) differ by 
+1. Gauss proved that a hypergeometric function F always enters with 
any two of its contiguous functions F,; and F_, into identities of the form 


(A+ Ba F+ (C+D2)F_41+(E+G2)F,=0. (381. 1) 
Since a hypergeometric function F always has six contiguous functions, it 


follows that F enters altogether into (6+5)/2—15 relations of the form 
(381.1). For example, if we set 
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F=F(,B,y;2), F a~=F,B,y—1;2) and, Fy=F(e,B,y +152) 


and once more use c, to denote the coefficient of 2” in the expansion of F, 
then we can list as follows the coefficient of 2 in the expansion of 


; ‘vy +y—1) 
tPF Gee GHynD 


ro pris 


= . pa 
; y+v—1 »(y+¥—2) 
2F_y: c+ . 
a » yl (7+ »—1)(B+¥—1) 
F,: pay ae 
1 carrera 
2Fy: Y v (yt) 


“vy+e  @+v—1)Gtr—1)* 


The coefficient of ,z” in the expansion of the left-hand side of (381.1) is then 
equal to the product of ¢,/[(a +» — 1) (8+ »—1)]and a third-degree poly- — 
nomial in vy, and we can determine the numbers A, B, C, ..., G in such a 
way that the second factor vanishes for all values of v. In this way we obtain 


yly—1—(2y-a—B-1)z]F-y-)0-AFy 381.2) 
+ (y — %) (y — B)2F, = 0. ; 
Under the assumption y — « — f > 1, the three numbers 
F(a, B,y;1), F@,By+1;1), Fe, B,y—1;1) (381. 3) . 
are finite, and for z= 1 relation (381.2) takes on the form 
Fe, Byit) _ —«) (y—B) (381. 4) 


FO, By+1;1) ~ v(y—a—8) 
But this identity continues to hold true whenever 
y—a—B>0, 


because the third of the three numbe‘s (381.3) does not occur in (381.4). 
If we replace the parameter y in (38 ..4) successively by 


ytlyt2 ...ytn 
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and multiply the resulting equations term by term, we are led to the relation 


F(a, B, y; 1) | 
F(a, Bytntis1 
cold (381. 5) 
_-ay~aty-atm  OoP-~B+m _ | 
y(y+ 1)... tn) (y—a—B)...(y-—a—B+n)~ 


With the notation of § 271, Vol. I, p. 286, specifically (271.3), we can rewrite 
(381.5) in the form 


F(a, B, y; 1) _ Tay Taly —% — 8) 


Fa, Bytnti1;1)~ Ty—a)T,(y— 6B)” (381. 6) 
Noting that : 
lim F(a, 8B, y + #31) =1 
holds, we finally obtain 
iy) Py -—a-— 
F(a, B,yi3) = eae ea (381. 7) 


All of the above calculations are due to Gauss. 


Kummer’s Differential Equation (§§ 382-383) 


382. A given circular-arc triangle with angles 2A, 2 mu, 2 can always be 
mapped by means of a Moebius transformation onto another such triangle 
that has the vertex 4 at w==0 and whose sides 4B and AC are straight-line 
segments, AB being, moreover, a segment of the positive real axis. By means 
of a different Moebius transformation, we could instead make the vertex B 
coincide with the origin, arrange for the sides BC and BA to be straight-line 
segments, and have BC lying along the positive real axis. 

In the first case, the mapping function in the neighborhood of z= 0 must 
be of the form 


w= Z $f, (2), (382. 1) 


and in the second case, of the form 


w= (1— je $, (1 — 2). (382. 2) 
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On the other hand, we have seen that w is always equal to the ratio u2/u, of 
two solutions of the hypergeometric equation 


z(1— 2) 4+ [y— (a+ B+1) 2] 0 —aBu=0. (382. 3) 
The above suggests that we try 
& = 2° (1 — 2)* P(z) (382. 4) 


as a solution of (382.3), where p and gq are any two constants and P(z) isa 
suitable new function. The expression (382.4), as a possible solution of 
(382.3), was first tried out by E. E. Kummer (1810-1893). Kummer did 
not, however, introduce it in connection with conformal mapping, in fact, he: 
was interested in real values of z only. He showed that the singularities of 
the solutions of (382.3) can be completely determined by setting up the solu-,, 
tions in the form (382.4), and that the general solution of the differential: 
equation can then be determined by elementary calculations. 

To begin with, if « is to be a solution of (382.3), then by formally substi- 
tuting the right-hand side of (382.4) into (382.3) we see that P(2) must 
satisfy a differential equation of the form 


22 (1— 2)? SP 4 2(1—2) (A— Bz) 24 (L224 Mz+N)P=0. (382.5) 


Here the coefficients A, B, L, M, N, and the quantity S=L+M+WN are 
constants which are related to p, q, a, 8, and y by the equations 


A=2p+y 
B=2p+2qt+at+Pr+1 
= (b+ q+) (6+ 9+ 8) (382. 6) 


N= p(p—1+y7) 
S=L4+M+N=qq+a+f6-y). 
Now the connection between the solutions of the differential equation (382.3). 


on the one hand and (382.5) on the other hand is as follows. If visa solution 
of (382.3) and if we set 


P(2) =z (1—2)-*4, 
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then P(z) is a solution of (382.5). Conversely, if P(z) is a solution of 
(382.5) then the expression in (382.4) represents a solution « of (382.3), 
and this holds for all values of p and g provided only that these values satisfy 
the equations (382.6). If we set, in particular, p == q = 0, then by (382.6), 


A=y, B=a+8+1, L=—-M=af, N=0, S=0. (382.7) 


In this case, the differential equations (382.3) antl (382.5) differ only by the 
factor 2(1— 2). 

Now let #’, 9’, «', B’, y’ be any set of constants that satisfy the system 
(382.6) when substituted for p, g, a, B, and y respectively or—what is the 
same—that satisfy the equivalent system 


p'?~ (A—1)p'+N=0 

q?—(B-—A—1)q+S=0 

(p' + q' +a’) + (p’+9'+ B')=B-1 (382. 8) 
+g +a) O +q' +P)=L 

y' =A— 2p’ 


Then by what we noted above, the function 
x (1 — 2) F(a’, B’, y’; 2) 


is a solution of (382.5), and if we choose the values of 4, B, L, N, S as in 
(382.7) above, this function is also a solution of (382.3). Now the system 
of equations (382.8) has eight solutions, and these reduce to four solutions 
if the order of a and f is considered immaterial ; these four solutions are as 
follows: 


e[e[ o=8 erime[ me 
le] y= [prime] os 


146 Part Seven. II. ConrorMAL MAppPine or Crrcucar-Arc TRIANGLES 


We are thus led to the following four solutions of the hypergeometric 
differential equation (382.3) : 


I F(a, B,y: 2) 

II (1—2)""*-? Fly—a,y— 8B, y; 2) 
II 2-’F@+1—y,B+1—y,2-y;2) 
Iv 217” (1 — 2)”"*-F F(1 —a, 1— B, 2—; 2). 


(382. 9) 


We see immediately that both I and II can be expanded at z==0 in power 
series whose constant term is unity. Therefore they represent one and the 
same solution, the hypergeometric equation having only one solution with 
the stated property. And the identity 


F(a, B, y; 2) = (1 — 2)" *-? Fly — a, y — B, 32) 


shows that III represents the same function as IV. 

383. Kummer’s differential equation enjoys the property of being trans- 
formed into an equation of the same form if the variable z is replaced by the 
new variable 7 == 1 — z or by == 1/z. In fact, the transformed equations are 


dP dP 
n? (1 —9)* Gar +9 (h — 0) (Ar — Bin) GZ 


(383. 1) 
+ (L179? + Min + Nj) P=0 
wih A BBG ASE BoP NSS Sa N. aad 
a@p dP 
o2(1— ¢)* ape +O (1—¢) (A,— Bel) Ge 


(383. 2). 
+ (Lg 0?+ M,0+N,) P=0 


with 4,=2—B, B,=2—A, Lz=N, Ng=L, S,=S, where we have 
again set S, = L,+ M,+ N, and S,= L,+ M,4+ Ng. 

Now if the quantities ~,, ¢,, &,, Bi, y, and 2, Ys, %, Be, ¥2 are solutions 
of the systems of equations 


p?— (A, 1)p + N,=0 

g*— (B,— 4,—-1)¢+ S,=0 

(p+q+a)t+ (6+9+f)=B,-1 (383. 3) 
(@+q+a)(6+9+A)=Ly 

y=A,-—2p 
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and 
p?— (A,— 1) 6+ N,=0 
gq’ — (B,— A,—1)¢+ S,=0 
(P+qtat+Ptqt+f=B,-1 (383. 4) 
(b+9q+a)(6+q+A)=L, 
y=4,—26, 


respectively, then we know that (383.1) and (383.2) have integrals (i.e. 
solutions) of the form 


n7? (1 — 9)~™ Fay, By, 71; 7): 


C7 P (1 — C)°% Flag, Bo, V2: 6). 


If we replace the numbers 


A,, B,, I, Nj, S; 
in (383.3) and 


A,, B,, Ly, Nz, Ss 


in (383.4) by their expressions in terms of A, B, L, N, and S, and then 
substitute for the latter quantities their expressions in terms of f, q, a, B, y 
from (382.6), we see that the systems (383.3) and (383.4) can be solved 
rationally, and we obtain for instance, as one of the possible solutions, 


A=% A=Pp, m=, p=, wu=1-(y—a— 8) 
and 
bo=—P-G-% F2=G, =a, Pp=l+a-—y, ye=l+a-—FB. 


We see, therefore, that if the differential equation (382.5) has a solution of 
the form 2-? (1 — z)-* F(a, B, y; 2), then the functions 


97 (1 — 9) "Fy, Bi yai 9) = 27? (1— 2)! F(a, Ba + B+1—y;1—2) 
and 


C7 (1 — C)7" Flag, Bo, 2; 6) 


=rP8 (1g) F(a lta—y, 1+a-; =) 
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are two more solutions of (382.5). The same is true of the hypergeometric 
differential equation (382.3), which is a special case of (382.5). Hence we 
may apply the transformations 


{?,9, «, B,y,2z} > {9, b,a, B,1— (y—a— f),1-2} (383. 5) 


and 


{b. 9,0, B,7,2} >{-p-q-agulta-y, Pawn Bi = (383. 6) 


4 


to the integrals of (382.3) and may, in fact, apply them any number of times 
in succession, since each application amounts to transforming the differential 
equation (382.3) into an equivalent equation. 


The Twenty-Four Integrals of Kummer (§ 384) 


384. We are led in this way to a large number of new integrals of the 
equation (382.3). If we apply (383.5) to the integrals we have already 
listed in (382.9), we obtain 


V Fe, B«o+Pt+1—y;1—2) 
VI (1—2)’"* ? F(y—a,y—B,yt+tl—a—f;1-2) 


VIL 21°’ F(a+1—y,pB+1—y,0+8+1-—y;1-2) 
VIII z!-” (1 — 2)’-*-8 F(1 a, 1—B,y +1—a—f31—2). 


(384.1) 


If we set 1 —- == ¢ and apply the substitution (383.6) to the integrals (384.1), 
we find i 


IX (1—2)"*F(y—f,a,0+1- 8; 7~,) 


X (12)? F(y—a, 8, B+ 1-2; 73) 
(384. 2 
XI at7(1— art F(a + 1—y,1—f,a+1—B; ==) ; 


1—z 


a -p- 1 
XII 21-7 (1 — 2)’-? 1F(B+1—y,1—a,B+1—a; +5): 


Application of (383.5) to (384.2) yields 
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—2)7% i aaeaiseae 
XII (1—2)-* Fy ~ a, 93 i) 


XIV (1— 2)? Fy ~ 0, BY; 4) 
(384. 3) 
KV ath @s “ret F(a + 1—y,1-B,2-95 245) 


XVI gi” (1 od ay Pl E(B + 1 -y, 1—-«@, 2— Y; 3) . 


Finally, two more groups of solutions are obtained by using the transforma- 
tions (383.5) and (383.6) once more, applying them this time to (384.3). 
It is desirable to multiply the resulting integrals by a constant of modulus unity 
so as to make their principal values real for sufficiently large negative real 
values of 2; in this way we obtain 


XVIL (— 2)? (1 ay *P Fy B,1— fy +1—a— Bs >) 


XVI (— 2)" (1— aro" Fly —a, 1—a,y+1—a—8; =) 


(384. 4) 
XIX (=2)°*F(a+1—y,a,1+a+B—y; 72) 
XX (-2)*F(B+1—y,B,1+a+ 6-9; 2+) 
/ Zee 1 
XXI (— 2)?” (1— 2)" * Fy —B,1—B,a+1—B;-) 
XXM (-a)*? (1-29 F(y— a, 1a, B+ 1~ a5 4) 
(384.5) 


XXIII (-2)"* F(a+1—y,a,a+1—; >) 


XXIV (— 2)? F(B+ 1—y,B,B+1-a:; =). 


z 


It is easy to verify that Kummer’s method of algebraic transformations (i.e., 
(383.5) and (383.6) ) yields no further integrals. 


The Fundamental Solutions of the Hypergeometric 
Differential Equation (§ 385) 


385. The twenty-four integrals of Kummer do not represent as many 
different functions. Thus, for example, the integrals I, II, XIII, and XIV 
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all have a branch that is regular at z= 0 and assumes the value unity at 


this point. But we know that (382.3) has no more than one solution with 
this property. 


£5 £; 


Ap A 


Fig. 80 


Hence if we take the real branches of the powers (1 — 2)”~*~* and (1 — z)~* 
and (1 — z)~* on the segment (0,1), then 


F(a, B, y3 2) = (L— 2)" *- 9 Fly —ay — B32) 
= (1 2)"* F(a, — By; 75) (385. 1) 
=(1- 2)" F (By —4y; 754) 


in the neighborhood of z==0. Therefore these four expressions represent 
one and the same function, which we shall denote, for short, by q,. 

With the aid of (385.1), we can verify that the remaining twenty integrals 
can be grouped into five sets of four integrals each, the four integrals in any 
given one of the sets having a branch in common. We obtain in this way the 
following six functions: 


1: lL , XW, XIV 
Qs: Il, IV, XV, XVI 
V, VIL, XIX, xx 
“ (385. 2) 
%: VI, VII, XVII, XVII 


g;: XXIII, XXI, IX, XI 
Gs: XXIV, XXII, X, XII. 
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For each of the six functions g; we have four distinct representations. This 
is very useful, since it enables us to select in any situation that representation 
which converges the most rapidly under the given circumstances. 

We introduce the following notation, which will be helpful to us in writing 
down the regions of convergence for the various functions under consideration : 
The interiors of the circles | z|—=-1 and | 1—z2|==1 will be denoted by 
J, and J, respectively ; the exterior regions of the same circles, by A, and A, 
respectively ; finally, the half-planes Rz < 1/2 and Rz > 1/2 will be denoted 
by Eo and E, respectively (see Fig. 80 above). 

The hypergeometric series that appear in the integrals I-IV converge in Jo; 
those of V-VIII converge in J,; IX-XII, in 41; XITI-XVI, in Ey; XVII-XX, 
in Ey; and XXI-XXIV converge in Ap. 

As to convergence on their circle of convergence, it takes place for 


I, Ill, XXIII, XXIV, if y—a—B>0, ie.by (376.6)u¢>0, 
Il, IV, XXI, XXU, if B+a-—y>O0, ieby (376.6)u<0, 


Meo Mi. 1: 1—y>0, ieby (376.6) 4>0, 
VII, VII, XI, XU, if 1—y<0, ie.by (376.6)4<0, 
XIII, XV, XVII, XIX, if B-a>0, ie.by (376.6) ¥<0, 
XIV, XVI, XVIII, XX, if a—B>0, ie.by (376.6) ¥>0. 


Since in our case (that is, in the study of the mapping of circular-arc tri- 
angles) the quantities 1, w, v are never negative, we can dispense with the 
solutions 

II, IV, XXI, XXII 
VII, VIII, XI, XII 


XIII, XV, XVII, XIX 


because the remaining twelve contain everything we need. 

The twelve solutions are listed in Table A below (after § 395). For each 
of the six regions Jo, J1,..., £1, they yield two integrals of the hypergeometric 
differential equation that enable us to construct the general integral (general 
solution) for the region in question. 


The Exceptional Cases and the Function F*(a, 8,3 z) 
(§§ 386-388) 


386. If one or more of the angles 2A, 7, %¥ are zero, then certain of 
the functions 91, ..., Mg will coincide, and we must therefore look around, in 
this case, for new solutions of (376.5). 
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Thus, for instance, recalling that our mapping problem requires that 
0 < y= 1, we see that the functions 


91 = Fa, B, y; 2) 
and 
M= 2° Fat+l—y, B+1—y,2—y;2) 


are the same in case y == 1, that is, in case A== 1 — y= 0. To deal with the 
case A==0, we set y= 1—A and 


pal) = 9,(A) + 2 pF (A), (386. 1) 


so that p3(A) stands for a function of z that is, for every 4 > 0, a solution of 
the linear differential equation (376.5), being a linear combination of g, and 
@2 with constant coefficients. We shall prove that 


vs = lim g(a) (386. 2) 
a=0 
is a solution of equation (376.5) for the special case 4 = 0. We have 


gt =lim > {F(a +4, 8 +4,14;2) — Fle, B,1—A;2)} 
A=0 


or, expanding the expression in braces in powers of 4 and then passing to 
the limit, 


gt = F(a, B,1;2)1z+F*(a, B, 132), (386. 3) 


where F* is defined by 


Fee, Byit)= fe + E4222, (P= Fle B52). (386.4) 


387. The function F*(«, 8, y; 2) can be calculated as follows. Since the 
partial sums of the power series F(a, 8, y;2z) = 2c, 2” are uniformly bounded 
in a disc |z| <7 <1, they represent for every | z| < 1, and for any fixed 
values of 6 and y, analytic functions of a; thus we have 


OF eo, , 
7 ar ee (387. 1) 
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But by (377.3), 


dc, (1 1 1 
0a. (J Toei tot oyyca) & 8-2) 
so that we obtain 
OF S/i 1 1 y 
Oa =o) (Ftoyteteppca) a (387. 3) 


We can calculate QF/0B and OF/dy in the same way and finally obtain 


P(e, iyi) = SE + $F 4 2 AS e, 6, 2", (387. 4) 
where 
und ey, + ae cae) 
- (ant tA TE aoe: n A) a 
es 


The numbers ¢, converge to a finite limit as » ->0o; therefore their absolute 
values |¢,| have a finite l.u.b. M(a,8,y). Hence the remainder of the series 
(387.4) is certainly less than M(«, B, y) -|R,|, where R, is given by (378.3). 

Thus the function F*(a, B,y;z) is regular in the disc | z| <1, and the 
series (387.4) converges on its circle of convergence if y — « — B > 0, by § 379. 

In the above calculations we have implicitly assumed that the parameters a 
and 8 do not vanish. If one or both of them are zero, the calculations have 
to be modified somewhat; however, they lead to the same results. 


388. Now it is easy to verify that gf is a solution of the equation 
z(l—z)e"+[1—-(+fh+1)2)u'—apu=0. 
To do this, it suffices to show that the expression 
2(1—2) F’— (a +p) F+2(1—2) Fe" 


+[1—(@+B+1 24 F*’—apF*, 


(388. 1) 


which represents a regular function in the neighborhood of z= 0, is iden- 
tically equal to zero. (We recall that F(a, 8,1; 2) is a solution of the above 
equation ; F’, F*’ and F*” denote derivatives with respect to 2.) 
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By (377.4), (387.4) and (387.5), we have 


vel 


F(a, B,1;2)=14+ 3° 6,2 | 


- (388. 2) 
F(x, B,1;2) =)" ec, 2” | 
v= 
and 

Sug _ (a +») (B + ») 

a aed (388. 3) 
1 1 2 

uo ary t pte Tae’ ee:4) 


For v = 1, the coefficient of z’ in (388.1) equals 


2(v+1)¢,,,—[(a+) + (B+), 
oe (v + BD ar re eet (a+ v) (B+ ») Cc, é, 


or, if we express c,,, in terms of ¢,, 


¢, {Pete 


et (at) — B+) ++ B+) (u—e)}, 


which is an expression that vanishes for every v, by (388.4). We also see 
that the coefficient (2 c,—« — 8 + c,¢,), ie. the term independent of 2, is 
likewise equal to zero. 

The function pz admits of a second representation which we can obtain by 
expressing y, and g, in (386.1) in terms of the integrals XIV and XVI, 
respectively. This yields 


F 1 = po 
pt = lim 7-{#*(—2) 8 *F(1—a, B+4,1+4; =z) 


a (iss 2PF(1 eek Ba: =) 
or 


or = (1 ~2)*(F(1— a, 8,1; 5) t7A5+Fe(1—a, 8,1; 


Zz 


:)}- (388. 5) 


zm 


Passing to the next special case, we see similarly that the solutions q, and 
Ys coincide if w= y — « — B vanishes. In this case, y, can be replaced by a 
new solution that is defined by means of the equations 
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Pa= Yat H PE(H) | 
gt = lim oi(u). | 


n=0 


(388. 6) 


Finally if y = « — 8 = 0, then we introduce the new solution gj defined by 


Po= Pat » pi (r) | 388.7 
pe = lim or). | ea 


v=0 
We can calculate gf and yf by the above method and prove that they 
actually do satisfy the given differential equation. We are now ready to 
supplement Table A at the end of this chapter (p. 168) and are thus led to 
the construction of Table B. 


Connecting Formulas (§§ 389-391 ) 


389. The functions 91, --.,%, defined in § 385 above give at least one pair 
of linearly independent solutions of the differential equation (376.5) at any 


Fig. 81 


given point of the complex plane.* 

But since the points z=0,1,0 are branch points of the functions 
G2, Pa Ye (or of OF, oF, ge, if required), we cut the z-plane along its real 
axis, and we consider, to begin with, the upper half-plane only. Now we 
stipulate that gi, Pa, Ps» Pa (as well as pF, yf) are to be real and positive 
on the segment 0,1 while 95, @. (as welt as yg) are to be positive on the 
segment — co, 0 of the real axis; we are then dealing with well-defined single- 
valued branches of the functions 9, --., Pe in the upper half-plane. 

Now a more detailed study of our formulas reveals that at any interior point 
of any one of the three regions shown in Fig. 81, the formulas always define 
two pairs of functions. Since the functions 9, ..., 9 all are solutions of the 


* However, in the case A= =» = 0 and in this case only, there exist two exceptional 
points, namely z = et rls, at which none of the series I-XXIV converges. This excep- 
tional case must be treated separately (cf. § 408 below). 
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same second-order differential equation, any three of a set of four functions 
defined in a given region must be connected by linear relations with constant 
coefficients, relations that are preserved under analytic continuation of the 
functions. 


390. For each of the three regions of Fig. 81, there are of course four 
linear relations as described above. As far as our mapping problem is con- 
cerned, it will suffice to determine explicitly the coefficients a,b,... in the 
equations 


~i= 293 + oy 
P2= 4' Yat b' o 
Pi=CPs +E Me 
Po=C' Gs +’ Pe 


(390. 1) 


(and to do the same for the equations in which one or more of the functions 
V2, Pa, Ye is replaced by one or more of the functions p¥, yf, 9). 

We shall first deal with the case that all three of the numbers 4, u,v are 
distinct from zero. If we substitute into the first equation of (390.1) 


91 = F(a, By; 2) 
Gs = F(a, B,a+B+1—y;1-—2) (390. 2) 
Pa = (1 — 2)? *-8 Fly — a, y— By +1 —a— B; 1-2), 


as is indicated by Table A (see end of this chapter), then these formulas— 
which do apply on the segment 0 = z S 1 of the real axis—yield for z == 1 that 


=F, B,y;1), =1, m=9, 
hence 
a=F(a, B,y; 1), 


and for z=—0 that 
Pi=1, pe=F(u, Ba+B+1-y31), m=Fly—a,y—B,yt+l—a—B;}), 
hence 

l=aF(u,B,a+Bt+1—y;1)+bF(y—ay—Py+1—a—B;1). 


We can solve the above relations for a and b. The resulting expressions for 
a and b become especially neat if we use formula (381.7) to evaluate F; in 
this way we obtain 
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Py —«—-ALY) 
Ty—a)Ty—B)’ 2.3) 
, Py —a—p+ra—») 
Ta-p ra—#) 
Py) Py—a—p) Pat+p+i1—yFa-y 
Py—a) Py—p) TG+i-yTe@+1—-y)’ 


a= 


(390. 4) 


=1- 


and hence, using the relation I(x) "(1 — x) =2/sina x (cf. (272.5), Vol. I, 
p- 288), 
b Py —«—B+1)F—y 
P(l—) PU —2) 
_ sinay sina (y —a — B) —sin x (y —«) sina (y — B) 
Rept Fo 


(390. 5) 


Now it follows from 


2 sin m sin % = cos (m — n) — cos (m + n) 
that 


2sin wy sin x (y — a — B) = cosa (a+ B) — cosa (2y — a — f) 
2 sin x (y — a) sin x (y — B) = cos (a — B) — cosa (2y — a — ) 
and hence that 
sin my sin x (y — a — B) — sin x (y — «) sin x (y — B) 
=+ {cos x (a + B) — cosx (a — )} = — sin wa sin zB. 


Passing again to the Gamma function, we obtain from (390.5) that 


b Py PO ee Ae 
P(e) PA —a) PB) PA — B) (390. 6) 
ri—f)P(t—a) ‘ 
* Tay Ty—a—B+i) 
and finally, using I(x + 1) = x I(x), that 
Py) e+ b—-y» 
b= Te) TA p (390. 7) 
Therefore the first of the relations (390.1) becomes 
Py) Py —«—B) PY) Pa+ By) (390. 8) 


1= Ty—a Tos + Tere 


An entirely analogous procedure yields the explicit form of the second of 
the relations (390.1), as follows: 
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_ 22-7 Ty—a—8) P2@—y Tat B—y) 
@ Tad—ara—p %t PG+1—y Fa@+i—y (390. 9) 


In the third and fourth equations of (390.1), we must substitute, in accord- 
ance with Table A, 


= {1 —2)-8 Sag 
p= (L—2)" F(B,y ~ a, 3 7) 
= gl- -B-1 2 
Pa= 2” (1 — 2)” F(1—a, B-+1—y,2—y;-44) 
ae 1 
Ps= (1—2)"* F(a, y — ,a-+1~8; -*-) 
= 1 
pe= (1—2)9 F(B,y—a,B+1~a; 7+), 
all of which have expansions that are valid on the segment — 0,0 of the 
real axis. 
Because of its factor z1-”, the function gp. is not real-valued on this segment 


but is equal to the product of a real function by e7*4-»), Thus it is appropriate 
to write @z in the form 


Pq = e7*t-7) (—a-7 (1-2-1 F(1 a, B +1 ~y, 2—y¥; a): 
Finally, we have 
~2)-8 z= 
(1 ~ 2) F(B,y — a9; 73) 
= c(l—2)"*F(a,y — B,a+1~ 8; i=) 


+¢(l—2)? F(B,y—a,B +1—a; z+.) 


and 
oF (— a)t1(L— ay P A F(1— a, B+ 1-92-73 753) 
U -a ~ ot 
= ce’ (1 — 2) F(x, y — B,a+1-; ~~) 
? - 8 . 1 
+ e’ (1 — 2) F(B,y—«, B+1—a; 7), 


and hence also 
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F(B,7 — 4 93 33) 
= o(1—2)-*F(a,y~B,a+1— p52.) + eF(B7-a8+1-ai 4), 
eri) (Ax) F(D-« B+ 1—y,2-y; 4) 
=e'(1— 2h" F(a, y — Brat 1-8; 3+) 


1 
+e'F(B,y—a,B+1-035~2). 


These last equations are meaningful at z==— oo as well as at z= 0 and they 
therefore enable us to evaluate the constants c, ¢, c’, e’ in terms of the Gamma 
function. This yields 


_ ry re—» Py re—Bs) 
= Ty—a) 6 + Te ry—B) 7 saree) 
and 
_—  LF(2@—yPB—%)  ania-y» 
= Ta—-oyrG@ti-n’ | % 
(390. 11) 
4 r(2—y) Ia — B) eri(l-7) 
Tae+i—yra—p) Pe: 


391. In the limiting cases, that is, in the cases in which not all of the three 
numbers A, #, v are distinct from zero so that some of the functions %2, Pa, Pe 
must be replaced by the functions from Table B (after § 395 below), the 
most expedient way of obtaining the relations analogous to (390.1) is to go 
back to the definitions of the functions yf, pf, of. 

Consider first the case 2= 0, n> 0,»> 0. Here, relations (390.9) and 
(390.11) must be replaced by two others, of the form 


PF = 4* G+ Oy 
(391. 1) 
gt = c* op, + e* oe: 


Now with y = 1— A, we have 


gt = lim G2 Pr , 
aso 4 


and hence by (390.1), 
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. a~ F ’__b 
a* = lim *=*, b* = lim 75 : 
A=0 A=0 
c* =m“, e* = hi —— 
A=0 A=0 


By (390.8) and (390.9), the first of the last four equations can be written 
in the form 


1 (Zea ra—«—p-a  ra—a ste ie bee 


a* = lim > Ta —« Fi—s) Pii—a—-ATa—Bp—-A 


A=0 


or, expanding in powers of 4 inside the braces and then setting 40, 


a*® 


_  i—a—) {2 ra) ra-«) rif) 
— rai-ara—ps ra ria) P(l—) }° 

The coefficients b*, c*, and e* can be calculated in the same way, and we finally 
obtain 


Sp et eel Jy Pee ee 


= Fa—ara—fA \* Tw ~ Fane — Ta—p) 


(391. 2) 
Pa+ p—1) | ray Ie) | POY g 
T@re TH ~ Te TES” 
__ ré-) {,r0) ra-») re@,_, 
v= Taw rH | Tl) Fa—a) ~ Fé) +2} %s 01.3) 


P(a—) ray rasp) Ir) 


+ Fi—pTre \* ra) ~ Ta—s) ~ Te) + i] pe: 


Next we consider the case w= 0, A> 0, »>0, which we deal with by 
setting y=a+f + mand = 93+ / Pe(m)in (390.8) and (390.9) and then 
passing to the limit ~==0. This yields first 


Pea+B+uH) 0-2) 
T'(a) I(p) (Ps os fad 73 (u)). 


re+B+u) Tw) 
A= TBe+ py) Test py Pt 


Then as pu is allowed to go to zero, we use the relations (a) = {I'(1 + u)]/u 
and '(~ uw) = — [ (1 — #)]/z, obtaining 


F“() I'(@) AR P+ 8) * (391.4) 


—~ Fe+h){[,TQ) Fe FA), fers 
P1= Ta) TB) | Ti) Te TAS” rere 
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Analogous calculations lead to the relations for 92, y3, pf and to those for 
Pi» Pa, Ps, VE in the case v==0.and B—=a (see Table C at the end of this 
chapter). 

If 2 and yw both vanish at the same time, there must exist a linear relation 
connecting 93, 93, py; if A and v both vanish, there must be a relation involving 
v3, %s, P. To obtain, for instance, the last-mentioned relation, we set in 
(391.3) B=a—v and 9, = 9, + » p#(v), which yields 


= F(l—») ra) rd—a  Pra—») : 
vi = vy P(1—a) P(a—») {2 Ti) Ta—«®  Ta—» +i} 
P(l+ ») ry Md-a+» Ia) . 
7 yD —a +») I(a) {2 Ti) Fa—aty) Te +z} (Pst ¥ v3 (?))- 


As v is now allowed to go to zero, the coefficient of gs becomes 


ra) ra—e® Ir@) Vad r+») ra—») 
{2 TQ) Ti—a ~ Te) + xi} dv la Ti—e«+»  a—a) Tesa be 
x 1 =e eee _ Ml—a+») 
I(a)PQ—a) dy | Pa—») ee 


which because of the identity 


d d 
® f(«-») yea dx f(a) 
can be written in the form 
1 ra) re) rd—a) 
rarace (22 ~ Pa Fase +84} 


ray r@ ra—a) 
x{2 Fay — Fe — Fuse 


ran. [runs Fel. 


da |Fa—a Tie) 


Now it follows from I(x) (1 — «) = z/sin x« that 


I’’(a) Fl —a) __# 
Te)  Pia—e) tga’ 


» 


d (Ia) Ties) _ 
da [FG ~ Pa—a) J sin?xa 
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so that we finally obtain 


sin % % [{2 ra) Ia) r’(1 —a) 


* i = -| 
a= —% TQ) ~ T@ ~ Fanaw 17's 


F(1) I’'(a) r(i—~a) nu 
“ 2 Fa Te) ~ aa) }— ina | Ps 


sinna (,I%(1) Ia) I(i—a) : 
7 { TW). Te) — Pita) +xil ve: 


(391.5) 


+ 


These and similar results are summarized in Table C (pp. 169 ff.). 


Explicit Calculation of the Mapping Function of a 
Circular-Are Triangle (§ 392) 


392. If we wish to determine the mapping function w== f(z) of a given 
circular-arc triangle of the w-plane having the angles 1A, am and av, we 


Fig. 82 


need only determine the mapping function of any circular-arc triangle having 
the same angles, since we can always map the latter triangle onto the former 
by means of a suitable Moebius transformation. If the three angles are all 
-- 0, we may therefore assume our triangle to be in the special position where 
the vertex with the angle 2/ is at the origin w == 0 while the two neighboring 
sides are straight-line segments, and one of them may be taken to be a segment 
of the real axis (see Fig. 82). 

If we wish the upper half-plane $z > 0 to be mapped onto the (interior 
of the) triangle in such a way that the vertices O, A, B of the triangle cor- 
respond to the points z= 0, 1, oo, then it follows from our previous results 
that we must set 
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_ 7% _p Fa+1i—y, B+1—y,2—y; ) a 
w=C has Cc Fie By) Pay (392. 1) 


Here, the numbers a, 6, y are given by 


1 
=g(l-4-wt),  Be>(-a-p-v), ysis 


in accordance with (376.7). Denoting the side OA of the triangle by s and 
using the formulas (cf. § 381) 


3) - FMT) 

F@ BY N=To rep’ 
Fet1—y,B+1-y,2—y;1) = Tea Pap 
@+i-yB+1—y,2—y)1) =r aR 


we obtain by (392.1) that 


Py) Fad —«) ra —s) 


C= Ta—yTo—a Toh 


Ss. (392. 2) 


By the results of §§ 72-74, Vol. I, pp. 61ff., our triangle is spherical, 
Euclidean, or non-Euclidean according to whether A+ +»>1, =lor <1. 
Since 4+ u+v= 1-2, these conditions may also be written in the form 


B<0, B=0, B>O. 
If in particular, 4+ w+» < 1, that is, if 8 > 0, we can norm the triangle in 
such a way that the circular arc AB is orthogonal to the circle | w |= 1. 


Then by the formulas of non-Euclidean trigonometry, 


G. 
s= tgh > 


and by (75.1), Vol. I, p. 65, 


sin (1—-A~p—») sin > (1—-A—p+ ») 
st = <a a ; (392. 3) 
sin -> (l1-A—v+ yp) sin (l—A+ p+») 


which we can also write in the form 


Py—a)Pdt+e—yFy—pri+ p— ayy 


2 
2 T(@) Ta—f)T@Ta—a) 


(392. 4) 
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and this together with (392.2) yields C. 


The Derivative of the Mapping Function (§ 393) 


393. The derivative of the mapping function is frequently of use; by 
(392.1), it is given by 


dw Pr Pa Pa Pi 
on c 4 = (393. 1) 
We set 
Y= Gy V2— Pa Pi (393. 2) 
and hence obtain 
v’ = Dy Ye — Po Pi: (393. 3) 


Now since ¢, and gy, both are solutions of a differential equation of the form 


u'+pu'+qu=0, 
it follows that 


v= —py, (393. 4) 
whence 
4 iy=-4. (393. 5) 
But in our case, 
— (@+8+1)7—y 
c= z(1—2) 
and hence 
OF —y(l—z)+@+B+1—y)z 
az z(1—2) , 


and an integration now yields 
lu=—ylz—(#+Bh+1—y)!(¢—1) + const. (393. 6) 
Thus our final result for v is as follows: 


, Pos gee. A A 
Pi P2— Po P= V= 2 (1— att eri? a 2-4a—al-F * 


(393. 7) 


To determine the constant 4, we expand the left-hand side of (393.7) in the 
neighborhood of z==0, and after a simple calculation obtain 


rn eee (393. 8) 


Hence we finally have 
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dw Ca 


a 4A al * gt 


(393. 9) 


The Case 40 (§ 394) 


394, We now turn to the mapping of triangles that have at least one cusp, 
ie. for which, say, A==0. In the sequel we shall only be interested in tri- 


Ss 
~ 


Fig. 83 


angles for which A+ w+ <1. Every such triangle can be brought into the 
position shown in Fig. 83. 

Here, the sides AB and AC lie along the imaginary axis and along the 
straight line Rw == 1, respectively, while the side BC is an arc of a circle 
whose center is located on the real axis of the w-plane. If we denote the radius 
of this circle by R, we can see from Fig. 83 that the following equations 
hold true: 


R (cosa w+ cosa) = 1, 


AR : = sin 2 
OB = Renz p= cos + cosmy’ (394. 1) 
1C=Rsinay= cad 


cos + cosxy” 


We shall prove that the mapping function under which the triangle of Fig. 83 
corresponds to the half-plane 32 > 0 is of the form 


waa +d (394. 2) 


with suitably chosen constants a and b. In fact, the formulas of Table B 
(following § 395) show that 
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1 
ni 


w=a(l2e+ 7) 45 ohh: (394. 3) 
F Pi 


From this we see immediately that z= 0 corresponds to w== © and that 
the intervals 0< z< 1 and — 0 <2<0 are mapped onto the sides 4B 
and AC, respectively, if we choose a= 1/ni. 


A 


Fig. 84 


In order to determine b we shall locate the image of the point z==1. For 
this point we have gs==1 and g,=0, hence by y==1 from Table C 
(following § 395), 


_ _ri—«-§8) 
fi Fa—era—s)’ 


x Fd—a—-) | ray radia  ra-sp) 
?2 = Fa—a« Pa—sA \“ Ta) ~ Ta—a) rane}? 


so that 


v PQ) ra-a  ri—) 


71 ray Pa-a  Tia—s)° 


From this, together with (394.1), we obtain 


1 { ra) ras) _ re +6 sina 
(i) (1 —a) r(i— B) cosa + cosmy’ 


and we finally see, going back to (394.3), that the mapping function is given by 


am a ray) rdi—a Iri—) : sina yu 
wm arly 12a Tasd — FOnB | th meeps OM 


If A== y= 0, then the vertex B of the triangle is at w==0 (see Fig. 84 
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above). We can verify easily that formula (394.4) remains valid in this case ; 
besides y= 1, we must also set 8 == 1—a, and we note further that the 
last term on the right in (394.4) drops out because uO. Thus (394.4) 
reduces in this case to 


1 fet fra) Pa) ria 
E=| Ta) ~ Te ~ Pas) ||. (7452) 


Calculation of the Derivative in the Case A=0 (§ 395) 


395. Differentiation of (394.4) with respect to 2 yields 


dw lL mgt — ov 
era eer ae (395. 1) 


For 4 > 0, we again write, as in (386.1), 
P2= Pr + A psd) 


and obtain from (393.7) and (393.8) that 


a U a , , 

WG age 1M A= A (1 YF" — YF H)- (395. 2) 
Here we divide by 4, for 4-0, and then pass to the limit as 2 goes to zero. 
We thus obtain from (395.2) that 


ee : (395. 3) 


dz mt z(l—2)! 4g? 


This result holds for » > 0 as well as for pO. 
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Tables for the Hypergeometric Differential Equation 
Table A 


Fa, B, v3 2) 
a | a—a'F (B.y—a9: 7) 
III 2’ Fa +1—y,Bp+il—y2—y324 
xvi|* es (L =a Pt FR (1-0, B+ ee eee a3) 


F(a, Bat B+i—y;1—2) 


= = 
2 2? F(B,p+1—ya+B+1—y; a ) 


(1 ~2)""*-8 Fly —a, y —B, y+ 1—a—B;1—2) 


1 
¥(L— 2)” *~ PE ((l—ay—ay+1—a—B; — ) 


1 
@ _ oe bed 
(—2)- F( Bat i=) 


—~a) PF nati 


: (—2) °F (u+t-yaa+1—B; =) 


a—2z)7 (6, y—a,B+1—a; 5) 


Table B 


F(a, B, 1; 2)12+ F*(a, B,1; 2) 


Saar {R(t—m ats Ap) igh tee(t—a Bs 5)} 


- ne = 
one “le 1—«, B, ASA) St (1-0 p17 )} 


2 


( 
(a+ i—y 1; tea +Fe(qa+ i—y,1; =) 


| F(a, B,1;1—2)1(1—2) + F*(a, B,1;1—2) 
ot | 


{F 
{ 


(«a 1; zo) ha-4 +F(n yo, 4 =3)} 


Table C 


A= 


—— 


Pa = 


ry) Ivy —« 8) 


Ty —a) Ty —p) © 


P2—y) Py —«—6) 
P(i—a) P(i — B) 


+ 


Yat 


Fy) F(a+ B—y) 
Tere 


r(2—y) F@+ Bb—y) 


Ta+i-yre+i-y ™ 


A=0 ea F(t —a—) may a—s) _ rub 4 Pa+b—-)(,rQ Pe _ Fo} 
yal t= ra—ara—A VTa® ra-a TE-Hl** Ter® ra” Te Tras” 
on Teeth) | ra) I@) Po) _Le+B 
p=0 “Tera Th) Te TAI*® TerE ™ 
y=at+ 8B r(2—«— 8) {2 ray ri—w ra—f\ ra—a«—8) % 
%~ Ta—a ra—p rd)” Td—« ~ Ta-p %~ Ta —« ra—p) ™ 
d=p=0 -_sinwa [(, 7d) Fo)  r—a) 2 a _sinnaf, ra) Fe Iii—s))\, 
y=1, B=i-a ™ Po | ri) Te rdi—e«) ates Ps m ra) re ra—s | of 
Pry) rg—s) , Fy) Fe—s) 
[*= Towa T@ ** Te) To—H ™ 
r@—y)PB—2)  xia-y P2—y)F@—p) oxin-» 
ln Ta-ajr@+i-n®’ %*Te+i-yri-A* 
A=0 ___ Fe—2) ray m—a) rs) | I'(«—) ra) r@ ri—/ . 
y= = Taal 2 TQ) Tas) ~ Fat" | *+ Te ra—s (2-H) Fe ~ Tans +ni| % 
ry ry I) Iy—a) ry) 
»=0 = Te Py —a) {2 Ti) ~ Fe Fy—a) Jo T@ Py—a 7 
B=a r(2—y7) ra) Ma—«  Pe@et+1--)) ,xia-» re—y) atl¥ 
= Fa —a) Fati—_y {2 Ty) ~ Fa—a) - Fesingl "s+ Tae) Pe+i-y . "ee 


(S6¢ §) NoIivnOy IvILNaNadsIC] DaLAWOINWAdA HY AHL AOA STTAV], 


69T 


Table C (continued) 


A=v=0 _ sinza (iy I’'(«) r’(1 — a) r(ty te I'(a) _ rl — a) A n 
pai 0 ler — Te - pasa} 2a ~ Te ~ Tana ***}~ aarwe] * 
1 * 7 7 
ae | ae sinza f, (1) Fe) —a«) \ 
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CHAPTER THREE 


THE SCHWARZ TRIANGLE FUNCTIONS AND THE 
MODULAR FUNCTION 


Description of the Schwarz Triangles (§§ 396-400) 
396. Starting with an equilateral triangle and applying successive reflections 


in its sides (and in the sides of the newly obtained triangles), we arrive at a 
complete triangulation of the plane, i.e. at a complete covering of the plane by 


Ly 


Fig. 85 Fig. 86 


q 


means of equilateral triangles, which is such that no two triangles that occur 
in the triangulation have any interior points in common (see Fig. 85). 
We arrive at similar triangulations if we start not with an equilateral but 
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with an isosceles right triangle (see Fig. 86), or with a 30°-60°-90° triangle 
(see Fig. 87). 

The three above-mentioned triangles have the property that all of their 
angles are of the form 


% 4 a 
TT? m’ n (396. 1) 


where J, m, and n are natural numbers. Since the sum of the angles of a 
Euclidean triangle equals 2, we must have 


1 1 1 
Se dy (396. 2) 


ne=J 
Fig. 88 


and it is easy to see that the only possible solutions of (396.2) are 


l=2, m=n=4; 
1=2, m=3, n=6; (396. 3) 
l=m=n=3; 


these yield the three triangles that we considered at the outset. 


397. Spherical triangles have angles whose sum exceeds 1. Hence if we 
wish the angles of such a triangle to be of the form (396.1), we are led to 
the condition 
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1 1 1 
7ts+s>1 (397. 1) 


The only possible solutions of this condition are listed in the table below. To 
each of these solutions there corresponds a subdivision of the sphere into 
finitely many triangles all of which can be obtained from any fixed one of 
them by means of repeated reflections. 


If we wish to construct the subdivision that corresponds, say to the first 
of the cases listed above, we can proceed by first dividing the equator into 2n 


Fig. 89 


equal parts and then passing meridians through the points of division. The 
corresponding triangulation of the complex plane is now obtained by means 
of stereographic projection. A look at this triangulation (see Fig. 88 above 
for the case n= 3) immediately shows that its triangles are obtained, each 
from any other, by repeated reflections in their sides. This class of triangula- 
tions of the sphere is called the dihedral class. 

In the remaining cases the construction proceeds as follows. We circum- 
scribe one of the five regular polyhedra (tetrahedron, cube, octahedron, dodeca- 


176 Parr Seven, II]. THe Schwarz TRIANGLE FUNCTIONS AND THE MopuLar FUNCTION 


hedron, icosahedron) about the Riemann sphere and project the edges of the 
polyhedron onto the (surface of the) sphere, using central projection from 
the center of the sphere. This yields a subdivision of the sphere into congruent 
regular spherical polygons. We join the center of each polygon to its vertices 
by arcs of great circles and we also draw the perpendiculars from the center 
onto the sides of the polygon. In this way we obtain a triangulation of the 
sphere which is such that any two neighboring triangles are the images of 
each other under reflection in their common side. 

The angles of the triangles of any such triangulation always coincide with 
a triple of values as listed in the above table. For example, the surface of the 


/ 
LD 


Fig. 90 Fig. 91 


regular dodecahedron consists of twelve regular pentagons, and three of these 
meet at every vertex of the dodecahedron. The projection onto the sphere and 
the subsequent subdivision of the spherical pentagons, as described above, 
leads to ten triangles for each pentagon, so that the sphere is triangulated into 
12-10 = 120 triangles each of which has the angles 2/2, 2/3, and 2/5. The 
icosahedron leads to the same triangulation; of the twenty equilateral tri- 
angles that make up the surface of the icosahedron, five meet at every vertex, 
so that the resulting triangulation of the sphere contains 20-6 = 120 triangles, 
which are easily seen to be congruent to those resulting from the dodecahedron. 
The triangulation is for this reason said to belong to the icosahedral class 
(see Fig. 89 above). 

In the same way, we find that the cube and the octahedron each leads to a 
triangulation involving forty-eight spherical triangles with the angles 2/2, 2/3, 
and 2/4 (octahedral class; see Fig. 91), and that the tetrahedron leads to 
twenty-four triangles with the angles 2/2, n/3, and 2/3 (tetrahedral class; 
see Fig. 90). 
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We have thus seen that all possible regular subdivisions of the sphere into 
congruent triangles, or more generally into sets of triangles that are symmetric 
with respect to reflections in the sides of their triangles, can be obtained 
either arithmetically, from (397.1), or geometrically, with the aid of the 
regular polyhedra. 


398. Similar triangulations of a circular disc or of a half-plane lead to 
circular-arc triangles with the angles 2/1, 1/m, and a/n, where /, m, and n 
are three natural numbers for which 


1 1 1 
~to+o<1 (398. 1) 


holds. In this case there are of course infinitely many admissible triples of 
values. However, the proof that there exists a corresponding triangulation 
of the disc or half-plane is not as simple here as for the cases of the sphere 
and the Euclidean plane. 

To prove this, we note first that we can always construct non-Euclidean 
triangles in the disc | w|< 1 that have the given angles 2/1, 2/m, and a/n 
(cf. § 74, Vol. I, p. 64). Hence we can map the given triangle onto a triangle 
with the same angles in the non-Euclidean plane | w|< 1 by means of a 
Moebius transformation. Starting with the latter triangle, we then construct 
non-Euclidean triangles obtained by repeated reflections in their sides. All 
of the triangles constructed in this way are either congruent to the initial 
non-Euclidean triangle (in the non-Euclidean metric) or else symmetric to 
it with respect to reflection in one of its sides. What we wish to prove is 
that this construction leads to a net of triangles that will cover the whole 
non-Euclidean plane as the construction is carried out indefinitely. 

To this end, we may assume without loss of generality that the vertex 4 
of the initial triangle, with the angle 2//, is at w— 0, while the vertex B lies 
on the positive real axis. Then the sides 4 B and AC are straight-line segments 
(in the Euclidean sense). By means of a cyclic sequence of reflections in sides 
all of which are anchored at the point 4, we can cover a neighborhood of 
w==0 with 2/ triangles which together form a non-Euclidean polygon Py. 
We shall call the triangles constructed so far, triangles of the first order. Each 
vertex of P, is a common vertex of two first-order triangles that are the images 
of each other under the reflection in their common side. 

The above special position of the vertex A was chosen only to make the 
construction easier to visualize. The cyclic reflection process just described 
can also be applied to the vertices other than 4 of the first-order triangles ; 
this yields an even number of new triangles no two of which have any interior 
points in common unless they coincide. Also, we are led in this way to a 
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polygon P, that is triangulated by means of all of the triangles that have just 
been constructed. Pe: contains P; in its interior. The triangles of P2 which do 
not belong to P, will be called triangles of the second order. We shall show that 
this construction can be continued indefinitely and yields at each step a set of 
triangles of the next higher order, and that the totality of triangles obtainable 
in this way constitutes a net that covers the non-Euclidean plane completely 
and simply. 

399. To prove the first part of the last statement, it suffices to show that 
for every natural number &, the triangles of order & do not overlap the tri- 
angles of lower order (if any) nor each other. We shall assume first that the 
numbers /, m, and n are all = 3; the case of a right angle occurring in our 
circular-arc triangle will be treated separately further on. 

Let us assume then, as an induction hypothesis, that the first part of the 
statement is established for the triangles of all orders up to and including 
(k—1). Then the triangles of order (k —1) are deployed like a wreath 
around the polygon Py. They form an annular region bounded by Py_»2 and 
P,-1. Fig. 92 below exhibits the triangles 4,, 4o,... of order (k — 1) that 


Pr-2 


Fig. 92 


have among their vertices two consecutive vertices L and K of P,_2. Any 
vertex of a triangle A; that is not already a vertex of P,—2 will be counted 
as a vertex of P,-1. 

Any such vertex R of P,_; is common to a certain number r of triangles A,. 
If one of these triangles shares a side K L with the polygon P,_2, then r = 3. 
If S, on the other hand, is a vertex of P,_1 such that the triangles meeting at S 
have only a vertex in common with P,_2, then r== 2. Since we are assuming 
the numbers /, m, and to be = 3, all of the angles of P,_, are <2, and this 
implies, just as in the Euclidean case, that P,—, is convex. 

From the convexity of P,_ it follows that each side RS of this polygon 
lies on a non-Euclidean line of support MRSM’ of the polygon (see Fig. 93). 
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Therefore one of the two half-planes MM’ N’ and MM’N, say the former, is 
wholly exterior to Px-1. Hence if RS and ST are two consecutive sides of 
the polygon, then the interior of p,_, lies within the angle MSN K. 

The k-th order triangles of the net that are obtained by cyclic reflections 
about the point S must all lie outside the angle MSN K ; we can easily see this 
with the aid of a non-Euclidean motion that moves S to the origin O and 
transforms M.S and NS into Euclidean straight lines. This proves the first 
part of the result stated at the end of § 398 above (in case /, m,n are all = 3), 
to the effect that for any k we can construct triangles of order k lying entirely 
outside the region covered by the triangles of lower orders. 


W! 


Fig. 93 


To show that the k-th order triangles do not overlap each other either, we 
begin by subdividing the set of these triangles into two classes: The ones 
having two vertices on Py. we denote by 21, Z2,..., the others (i.e. those 
having only one vertex on P,_1) we denote by Ey, Eo,... (see Fig. 94). Now 
we join the origin O to all of the vertices of P,_1 by straight-line segments. 
If one of these segments leads to a vertex at which two triangles of order 
(k—1) meet, then the segment forms with each of the two adjacent sides 
of Py—1 an angle that is = 22/3. If a segment leads to a vertex of P,_, at 
which r = 3, we assume as an induction hypothesis that this segment likewise 
forms angles = 22/3 with the two adjacent sides of P,1, and we refer to the 
paragraph after the next for the completion of the induction proof of this 
particular fact. Assuming this fact for the present, let us consider a side RS 
of P,—1 and the triangle Z, having RS as one of its sides (see Fig. 94) ; then 
it follows from /, m,n = 3 that the triangle Z, lies between the two consecutive 
lines OR and OS. This in turn implies that no two of the triangles Z,, Zo,... 
can overlap. 

Next we consider any two consecutive triangles Z;, say Z; and Zz, with the 
common vertex R (see Fig. 95), as well as the triangles £,, E2,... lying 
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between Z; and Z2 which are obtained by continued reflections in sides issuing 
from R and which are not triangles of order (k-—1). All of the interior 
angles of the non-Euclidean polygon OTUV...T,O are <2, so that the 
polygon is convex; hence all of the triangles E,, E,,... lie between OT and 
OT,. Applying these considerations to all of the k-th order triangles, we 
see that these triangles form a closed wreath around P,_, whose outer boundary 
is the polygon p;,. They cover the part of the non-Euclidean plane between 
P,—1 and P; simply and completely. 

It still remains to show that the above induction hypothesis on P,—1 implies 
the corresponding fact for P,. The triangle Z; lies wholly between the lines 
OR and OS, so that the segment OT must pass through Z,. Now Z, is the 
middle one of three k-th order triangles meeting at T, and hence each of the 


Fig. 94 


two angles between OT and the two sides of the polygon emanating from T is 
22/3. Thus we can proceed with our construction to determine the tri- 
angles of order (k + 1) and the polygon P,41, and so forth. 


400. Finally, we must prove that the triangular net thus obtained covers 
the entire non-Euclidean plane |w|<1. To this end, we consider any 
triangle of the net, say the triangle 4 BC, and the polygon p* whose interior 
consists of all those triangles of the net that share a side or a vertex with the 
triangle 4BC. The non-Euclidean distance 6 between the triangle ABC and 
the polygon p* is independent of the choice of the triangle ABC, because all 
of the triangles of the net are either congruent or symmetric under a reflection 
(in the non-Euclidean metric). Since every point wo of the net is in the 
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interior or on the boundary of a triangle of the net, it follows that the net 
always contains the non-Euclidean disc with center at wo and radius 6. 

Now if G is the region that is the union of the interiors of all the polygons 
P1,P2,..., then by what we have just observed, G cannot have any frontier 
points that lie in |w|<1. Being entirely contained in | w| <1, G must 
therefore coincide with | w| <1, and the result announced in § 398 above 
has therefore been proved for the case 1, m,n = 3. 


Fig. 95 


Schwarz Triangles with a Right Angle (§ 401) 


401. If one of the angles of a Schwarz triangle, say the angle /, equals 
n/2, we must modify the construction of the sequence of polygons, and we 
shall have to deal first with the case in which the two remaining angles u and » 
are both = 2/4. We arrange for the triangles of the first order to have their 
right angles at the origin; if we did not take this precaution, it could happen 
that a vertex of Pz would already be common to four triangles. 

Even so, it will happen for certain polygons P,, for instance already for Po, 
that at least one of the triangles Z, has a right angle at the vertex T that 
should be a vertex of P;,; as a consequence, P, would have a re-entrant corner 
at T. 

To avoid this, we add at T a new triangle H, which is the image of one of 
the triangles E, or Ey (under reflection in a side) ; see Fig. 96. 

With this modification, we can prove just as in §§ 399-400 above that no 
two of the k-th order triangles Z;,Z2,...,£1, Eo,...,H1,Ho,... overlap 
and that they are bounded by a convex polygon Pp, (in addition to Px_-1). 
Since both w and v are = 2/4, the angle at a vertex of the polygon where 
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three triangles meet is <= 32/4. This fact simplifies our earlier proof for the 
present case, since it can be continued without the necessity of proving that 
the segment OT of Fig. 95 cuts through the middle one of the three triangles 
meeting at T. It then follows as before that the construction of the polygons 
can be continued indefinitely and that the resulting net of triangles covers 
the disc | w| < 1 simply and completely. 

It only remains to deal with the case where A= 2/2, wu = 2/3, » = 2/n with 


n> 6. Ifa triangle 4BC with these angles is reflected in its side AC, there 
is obtained a new triangle B,BC with the angles 2/3, n/3, and 2n/n < a/3 


B 


8, 
Fig. 97 


(see Fig. 97). Now we can use the method of §§ 398-400 to generate a net 
of such “double” triangles, and once we have this net we need merely cut 
each of the double triangles into suitable halves to obtain the net that is 
actually desired. It is of no importance that the angle of the double triangle 
at C is a proper fraction of 2z but not necessarily of 2, since the double triangle 
is isosceles and is therefore mapped onto congruent double triangles by the 
cyclic reflections about C. 
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Schwarz Triangles with Cusps (§ 402) 


402. The construction of the net of Schwarz triangles can also be carried 
out in the cases that have thus far been excluded, namely the cases in which 
the triangles have one or more cusps. In each of these cases, it is again possible 
to construct, step by step, a sequence of nested convex polygons P1,P2,... 
whose union covers the whole non-Euclidean plane and each of which is tri- 
angulated into a finite number of triangles. 

First, if 4, 4 >0, »=0, we perform reflections cyclically in the successive 
sides that issue from the vertex associated with the angle 4. The interior of 


4=3 
Fig. 98 Fig. 99 


the resulting polygon P, contains 2/ triangles of the first order, and the polygon 
has [ cusps located on | w|==1, between any two of which it has another 
vertex (see Fig. 98). About each vertex between two cusps we apply cyclic 
reflections of the first-order triangles that meet at the vertex, obtaining in this 
way a number of non-overlapping new triangles which we cail triangles of the 
second order. The second-order triangles lie between P; and the convex poly- 
gon Py which has [(m—1) cusps plus the same number of non-cuspidal 
vertices. Continuing this process, we obtain the sequence of polygons P,, one 
after the other. In the present case it is very easy to see that each polygon 
is made up of mutually non-overlapping triangles. 

Let us fix our attention on any triangle 4 BC of the net and consider also 
all neighboring triangles of the net, i.e. all those that share a side or a vertex 
with the triangle 4BC. Every point wo from the interior or the boundary of 
triangle ABC is the center of a certain maximal non-Euclidean disc K(w») 
that is covered by the configuration just described, consisting of ABC plus its 
neighbors. The radius of this disc converges to zero as @ is made to approach 
the cusp of the triangle 4BC; but if we confine w, to a pre-assigned disc 


184 Part Seven. JI]. Toe Schwarz TRIANGLE FUNCTIONS AND THE MopuLar FUNCTION 


|w|Sr< 1, then the glb. 6(z) of the radii of the discs K(w.)—for all 
possible positions of the point wo» and of the triangle ABC in which wy, is 
chosen—is a fixed positive (non-zero) number. This implies that a finite 
number of triangles of the net will suffice to cover the disc |w|7, and 
since r < 1 was arbitrary, this in turn implies that the net of triangles covers 
the disc | w| < 1 completely. 

Second, if A> 0, 4 = v= 0, then certain sides of P,_1 connect two cusps 
of this polygon (in other words, there will be pairs of consecutive vertices of 
the polygon both of which are cusps). In this case, the (# —1)-st order 
triangle that contains the side in question must be reflected in this side as P;, 
is constructed (see Fig. 99). In all other respects the construction of the net 
proceeds just as before. 


Fig. 100 


The Modular Configuration (§ 403) 


403. The third case,4—=u—=v=0, is of particular importance. It is 
studied most advantageously in the Poincaré half-plane Sw > 0 (cf. § 84, 
Vol. I, p. 79). We start in this half-plane with a triangle having angles 0, 0,0 
at its cusps w==0,1, 0. We reflect this triangle in those two of its sides 
that are parallel to the imaginary axis, and we repeat this process indefinitely 
(see Fig. 100). This leads to a region G, whose frontier consists of congruent 
tangent semicircles of radius 1/2. Now we reflect G, in each of these semi- 
circles and obtain a new region G2 that contains G, in its interior and whose 
frontier consists of denumerably many tangent semicircles with periodically 
recurring points at which they accumulate (see Fig. 100). Then we reflect G2 
in each of the new semicircles, and we continue this process indefinitely. In 
this way we arrive at a net of triangles all of whose angles are zero, and this 
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net covers the entire Poincaré half-plane; in fact, G, contains the half-plane 
Sw >1/2, Ge contains Sw > 1/2?, and more generally, G, contains 
ww > 1/2*. Hence the union of the G; is identical with the non-Euclidean 
plane. 


Conformal Mapping of the Schwarz Triangle Nets (§ 404) 


404. We map the half-plane $2 > 0 onto a triangle with angles 2/1, a/m, 
n/n, retaining the norming of the preceding chapter (cf. § 392), and we recall 
(cf. (392.1)) that the mapping function in the neighborhood of z==0 is 
given by 


1 
—~C% cet Fati-y, Btl-y, 2-752) 
w=CM=C2 Fae ; (404.1) 


The inverse function can be written in the form 


z=a,w'+a,wel+... = Q(w) (ag + 0) (404.2) 


and is seen to be regular at the point w==0; by the Schwarz Reflection 
Principle (cf. § 341), it maps the first-order triangles of the net alternately 
onto the half-planes $2 > 0 and Jz < 0. We join the appropriate specimens 
of these half-planes always along those parts of the real axis that correspond 
to the common sides of two neighboring triangles. We obtain in this way as 
the image of the interior of Pp, a Riemann surface of J sheets over the 2-plane, 
with all of its boundary points lying on the real axis. By aralytic continuation 
(cf. § 342, pp. 84-85) of (404.1), we obtain according to the formulas of the 
preceding chapter a relation of the form 


1 


w — wy= (1—2)™ (bp tbyz+---). (404. 3) 


Here, wz is the value of w at the vertex B of the triangle ABC. The inverse 
of (404.3), 


z=14 Ui (w— wp)™+ Bf (w— w_)™414-.-., (bh 0) (404.4) 


is the analytic continuation of (404.2) and is regular at the point wg. Con- 
tinuing in this way, we see that the function Q(w) of (404.2) can be continued 
analytically along any path that lies in the net of triangles derived from the 
initial triangle ABC, so that by the monodromy theorem (cf. § 232, Vol. I, 
p. 238), this function is single-valued and regular at every point covered by 
the net. Therefore the radius of convergence of the power series (404.2) is 
at least equal to unity. 
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This power series maps the open disc | w | < 1 onto a so-called regular, or 
canonically branched, Riemann surface over the z-plane. To every vertex of 
the net there corresponds a branch point over one of the three points 0,1, 0. 
The multiplicity of the branch points over z== 0 is always equal to /, that of 
the branch points over z== 1 is equal to m and that of the branch points over 
g== 0 is equal tom. The zeros of 2(w) correspond to certain vertices of 
the net and have every point of | w|==1 as a point of accumulation; the 
circle | w | == 1 is therefore a natural boundary of the function Q(w), which 
is to say that this function is not regular at any point of the circle and hence 
cannot be continued anywhere beyond the circle (in the sense of § 232, Vol. I, 
pp. 236-238). 

These properties of the function == Q(w) can be used to construct a 
new, analytic proof of the existence and properties of the Schwarz triangle 
nets. This proof, to be sure, is shorter than the geometric proof which we 
presented in §§ 396 ff. above; but the latter proof has the advantage that its 
constructions can be visualized geometrically and that it utilizes exclusively 
methods and results of the geometry of circles (inversive geometry) that are 
cognate to the matter at hand. 


The Inverse Function Q(w) as an Automorphic 
Function (§ 405) 


405. The regular Riemann surface of the preceding section has a certain 
kinship with the Riemann surface (covering surface) which we studied in 
§§ 336-337 above. In fact, of any two neighboring triangles of our net in the 
w-plane, one is mapped conformally onto the upper half-plane and the other 
onto the lower half-plane of the z-plane; the circular-arc quadrangle formed 
by the two triangles thus constitutes a fundamental region, provided that we 
omit one of each pair of sides of the quadrangle that are mapped onto the 
same segment of the real axis of the 2-plane. 

For any pre-assigned point 2 of the z-plane, each fundamental region con- 
tains one and only one point that corresponds to 29. In this way we obtain 
sets of equivalent points in the w-plane. We have in the present case, just as 
we did earlier in § 332, non-Euclidean motions 


* awt+ fp 
ywto 


(15—By +0) (405.1) 


of the plane | w | < 1 that permute the points of each set but leave the sets as 
such invariant. For any such motion (405.1), we always have the relation 


THE Moputar Function (§§ 404-406) 187 


Q(w) = Qw*) = 2 Gat 5) (405. 2) 


The motions (405.1) constitute a group, whence it follows, by § 332, that the 
function Q(w) is automorphic. The main difference between this function 
and the automorphic function w == f(z) of § 332 lies in the fact that the group 
of motions of § 332 contained no non-Euclidean rotations, while in the present 
case the group may actually be generated by such rotations (having their fixed 
points at the vertices of the net). In addition to these rotations, the group 
(405.1) contains of course also motions that are not rotations. We need merely, 
for instance, consider two sides of triangles of the net that lie on two non- 
intersecting non-Euclidean lines; since each of these lines is an axis of sym- 
metry (under reflection) of the net, the motion obtained from two consecutive 
reflections in these two lines is certainly not a rotation of the group. 

Similar remarks apply if the triangle has one or two cusps, except that in 
this case, certain limiting rotations (cf. § 82, Vol. I, p. 78) have to be added 
to the above rotations in order that a complete set of generators for the group 
of congruence transformations of the net may be obtained. 


The Modular Function (§§ 406-407 ) 


406. For the mapping of a triangle with three cusps (a so-called modular 
triangle) onto a half-plane, the formulas of §§ 392-395 above must be specialized 
as follows. We have {= » == v= 0 in this case, hence a = 8B = 1/2, y= 1. 
If we now write F(z) as an abbreviation for the hypergeometric series F (1/2, 
1/2, 1; 2), we have by (377.4) that 


er (1-35 (2m—1)\2 
FQ)=F(Z, gba) =14 ZG Sa So) 406.1) 
Similarly, if we write F*(1/2, 1/2, 1; 2)== F*(z) for short, then by (387.4), 


F*(z) = F* (5 £1; 2) 


aS (ithe) (dant kr A) 


In the connecting formulas (cf. § 391) for this case, the expression 
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r(t 
a zy a (406. 3) 


occurs. This expression can be calculated numerically as follows: We differ- 
entiate logarithmically Legendre’s identity (279.5) of Vol I, p. 297, i.e. the 


identity 
r(Zjr(P)-4re,. 


obtaining 


2 
+ = = l 2, 
2 x 2 «+1 I'(*) 
a) * AEP) 
whence for * == 1, 
1 
" Y fag aD 
al es (2) S427 16: (406. 4) 
roo 
2 
The functions 9, ..., pf become in this case 
1 z 
mae) = Fe F (=i) 
1 —1 
m= F(l—2)= 7 F(5 ) (406.5) 


ngs F()) gig Oct) 


and 


pt = F(z) lz + F*(2) : {F( Jit +5) 


V1l—z z—1 
oF = F(li— 2) (1—2)4+ Fel —2) 
atte a ere) (406.6) 


ota ya lFG) Hat) 
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The connecting formulas of Table C (pp. 169 ff.) specialize as follows in the 
present case: 


t= — {95116 — gf} 
of = = {(016)*— 2%) gy — gf 116} =.9,116 — 29, 
ee e {951.16 om ot} (406.7) 
gt = = {(016 + 21) 116 — 2%) 9, + of 016 +2 1)} 
= 9, (116+ 21) -—29;. 


407. In order to calculate the mapping function w= (2) of the modular 
triangle, the modular function, we set a—= 1/2 in (394.5) and obtain 


slg Sls ar Gs)? mel | Oe 


After a short calculation, we find that in the neighborhood of z= 1, 


ut mt 
se 16 iC) ees mee 
Ps ( 16} F(l—2) 


while in the neighborhood of z= 0, 


at 


1 
= —- (116 }) ~ a £2 —116} =1 ——. (407.3 
re) = 2, {16 +21) — 2 % —116} =14 7-8) 
Ps 
For the derivative dt/dz, we obtain from (395.3) that 
Be Daa (407. 4) 


dz mi z(l—z) gi 


dr/dz for z = (1+ i/3)/2 ($§ 408-410) 


408. We have already observed (see the footnote in § 389) that the points 
z=(1+7 V3)/2 are the only points of the complex plane at which none of 
our hypergeometric power series converges. Towards calculating the modular 
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function in the neighborhood of one of these points, we note that certain parts 
of the curves |t|==1, |t—1|=1 and Rt— 1/2 are axes of symmetry 
(under reflections) of the modular triangle of the Poincaré half-plane that has 
its vertices at 0, 1, 00 ; therefore the point of intersection t = @ = (1+ 7 V3)/2 


% 
Vip ~ 
7 
t-plane @ -plane 
Fig. 101 Fig. 102 


2-plane u-plane 
Fig. 103 Fig. 104 


of these curves must be the image point of z= ay. 
Now the Moebius transformation 


T= ay 7“ (408. 1) 


maps the modular triangle 0, 1, oo of the t-plane (see Fig. 101) onto a triangle 
inscribed in the circle | w | == 1 (see Fig. 102), in such a way that the above- 
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mentioned axes of symmetry are transformed into diameters of the circle. 
The axes of symmetry divide the modular triangle into six circular-arc tri- 
angles with the angles 2/3, 0, and 2/2. Under the conformal mapping onto 
the upper half of the z-plane, each of these six triangles is mapped onto a 
circular-arc triangle with the angles 2/3, 2/2, 2/2 (see Fig. 103), as can be 
seen easily by an argument involving reflections. Thus we shall obtain the 
mapping function in the neighborhood of z= 4 (or w==0, or tay) by 
mapping two corresponding circular-are triangles (of the above sets of six 
in each plane) onto each other by means of series expansions that converge 
as rapidly as possible at the critical point in question; in this way we shall 
be able to determine dt/dz at the critical point. 
The Moebius transformation 


4 20, F240 (408. 2) 


4% %—Gy 


maps the shaded triangle of the z-plane (Fig. 103) onto the circular-arc tri- 
angle of Fig. 104, in such a way that the point sa, corresponds to the 
origin #0. We now wish to map this triangle of the u-plane onto the 
shaded triangle of the w-plane (Fig. 102) in such a way that the vertex at 
u.== 0 corresponds to the vertex at w= 0. 

409. To this end, we introduce a parameter v and we map each of our 
two triangles, the one in the w-plane with angles 1/3, 0, 2/2 and the one in 
the u-plane with angles n/3, 2/2, 1/2, onto the upper half-plane of the v-plane 
by means of the formulas developed in § 392. For the triangle in the w-plane, 
we have 


and for the triangle in the u-plane, 


wz B 12° 4 > Wz 


Relation (392.1) now yields the mapping functions w= w(v) and u= u(v) 
in the form 


i 
w=Cv*® (L+av+a,v?+--), (409. 1) 


i 
u=C*v*® (1+ 5,04 bgv?+---). (409. 2) 
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The constants C and C* are obtained from (392.2), with s==1, as follows: 


CE) 7G) PG) aa 


8 8 14 
tes (Gz) P(Gz) #2) ios) 
a(t) Fe) *s) | 
( 12 12 
From this we obtain, for u == 0, 
5 4 10 
dw : rs) 743) 2G) 7 Gz) 
| slim2=-2= (409. 5) 
du \w-0 yao C  p(t 7 ree. ; 
(gz) *(Ge) Paz) G2 
On the other hand, since a, = (1 + 7 V3)/2 we find with the aid of (408.1) that 
@ > Wa 
= w-o 40 — 40= iV3, 
and from (408.2) that 
ae ee RP 
dz \s=a, 1+a) iy3’ 
so that we finally have 
at _ at dw du 
dz \s-a, dw du dz ~ 40 Ce 
and hence 
| dt Cc 
\-ae leas OF (409. 6) 


Making use of the notation of § 280, Vol. I, p. 297, and of the relation 


14 1 2 
P (3) a eh (=) 
we can write 


Cc %s 11% *10 |G Cag |b, M4) (% M0) (%5 1) (409. 7) 


ct My Hq Hy Hp (4 %y %)* (¥4 %s) 
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Now according to the formulas of § 280, 


5 o.. : 
o 3-2 
Hy Xy X= 2° Vn x3 = 2° Vx oy ae: Vx x4, 


so that 


1 - n% 
(41% %_)® 


1 
32-23 48 


This and relations (409.6) and (409.7), as well as § 280, finally yield the 
desired result in the form 


dt = 1 2a 6 
dz |rea, ar 3 (7) : (409. 8) 


410. By § 405, the inverse function == Q(t) is an automorphic function 
regular in the half-plane 3t > 0. It is periodic in this region with period 2. 
We set t==5 + it, where s and ¢ are real and t > 0. We denote by (to) 


e--- 


thy ( 
: ' 
Sa Ae 
0 2 


Fig. 105 


the maximum of the function | Q(s + if))| of s, for a fixed value fy of t. 
Because of the periodicity, we need determine this maximum only in the 
interval O=s< 2. We wish to prove that if t is any point of the upper 
half-plane for which ¢ > t, then 


| Q(x) | < wo) 
must hold. 
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To this end, we may assume without loss of generality, on account of the 
periodicity, that the real part of t lies between 0 and 2. On the boundaries 
Rt—0, Kt—2, the function Q(x) assumes real values, and because of 
the way in which we normed our mapping of the modular triangle, the modulus 
of this function decreases monotonically as ¢ increases. As t goes to infinity, 
| Q(t) | converges to zero within the strip. Hence in the closed half-strip 
0SRt $2, Jt 2 hy, the function | Q(t) | attains its maximum on the line- 
segment {§t = to, and this maximum is u(t)). This proves our statement above. 


CHAPTER FOUR 


THE ESSENTIAL SINGULARITIES AND PICARD’S THEOREMS 


Landau’s Theorem and Picard’s First Theorem (§§ 411-413) 


411. In § 166, Vol. I, p. 164, we proved a result that generalizes Weier- 
strass’ theorem considerably, to the effect that those values which a function 
assumes infinitely often in any given neighborhood of an essential singularity 
constitute a set that is everywhere dense on the Riemann sphere. E. Picard 
(1856-1941) proved in 1879 the spectacular result that this set of values is 
not only everywhere dense but actually covers the entire sphere with the 
exception of two points at most. We need seek no further than the exponential 
function e*, which has an essential singularity at the point z= oo, to find an 


oO 7 
t-plane 
Fig. 106 


example where two exceptional values occur, namely the values 0 and o. 
This remarkable state of affairs is related to the fact that the Riemann surface 
of the logarithm (cf. § 249, Vol. I, p. 258) can be mapped conformally onto 
the whole complex plane, while for the Riemann surface of the modular 
function, whose (logarithmic) branch points lie over three base points, an 
open circular disc or a half-plane will do as a conformal image. The most 
convenient approach to this whole class of questions is given by a theorem of 
E. Landau (1877-1938), a theorem which was discovered only in 1904 and 
to the exposition of which we shall now turn our attention. 


195 
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We consider a power series 
T(2) = @gta,z+ agz?+-- (4,+ 0), (411. 1) 


which we assume to be convergent in the disc | z| << R and which we also 
assume to take on neither of the two values 0 and 1 in’ this disc. As a first 
consequence, we note that a is neither ==0 nor 1. Then the modular 
function w == t(u), defined in § 407 above, has a branch for which t(a) lies 
inside or on the circular-arc quadrangle with vertices at —1, 0, 1, o (see 
Fig. 106), since this quadrangle is a fundamental region for the inverse func- 
tion of t(#). In a neighborhood of z = 0, therefore, the function 


8(2) = t(f(2)) (411. 2) 


is regular. Moreover, from the assumption that f(z) omits the values zero 
and unity in the disc |z|< R, it follows that g(z) can be continued ana- 
lytically along any path lying in this disc, and this in turn implies, by the 
monodromy theorem, that g(z) is single-valued in the disc. We note further 
that 3g(z) > 0 holds in |2|< R. Therefore the values assumed by the 
function 


ele) ~6(0) 
M2) = FG) #00) a 


in the disc | z | < R must all be inside the unit circle, and Schwarz’s Lemma 


applied to the function h( Rv) yields 


R|*'0)| =1. (411. 4) 
Now 
0) = 20) -80)_ 
WO) = io) eye * (40) %» (411.5) 
from which it now follows that 


R< ed —Had) | (411.6) 


= [ay] |t"(aq) | 


We denote the right-hand side of (411.6) by R (ao, a1) and we call this quantity 
the Landau radius. It constitutes a bound for R which is the best possible, 
as the following argument will show. First, relation (411.3) yields 


_ (0) A(z) — (0) 
0) Sager (7 a 


Now if h(z) is of bound one in the disc [z| << R, then Yg(z) > 0, and 
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(411.2) can be solved for f(z). With the notation of § 405, we obtain 


He) = Mee) = 2 (EP), 


where {2 denotes the inverse function of t. In particular, if 


h(z) = — (411.7) 
which entails 
R|h(0)| =1, 
then (411.5) implies the equality 
_ 2 3r(ap) 
sis }a@y| |t’(aq) | * GIts) 


We have thus proved the following theorem of Landau: 

Tf f(z) is regular in the disc |z| < R and omits the values zero and unity 
in this disc, then the first two coefficients ao, a, and the radius of convergence R 
of the expansion 


NEV Ge OSS Gas (a+ 0) (411. 9) 
satisfy the inequality 
__2 Sela) _ 
= [ay| [t’(ao) | * (411. 10) 


There are certain functions f(z) for which the equality sign holds in (411.10), 
so that the bound on R is the best bound possible. 

We also restate this theorem in the following obverse formulation: If the 
function 


T(2) = ay + 42+ gz? ++ (a + 0, 1; a, + 0) 


is regular in the disc |2z2| < R and if R> R(a, a,), then f(z) must assume 
one of the values zero or unity at least once in the disc [2[<R. 

412, Toward the numerical calculation of the Landau radius, we substitute 
the values of t(a9) and t’(ap), obtainable from § 407 above, into (411.10). 
Specifically, we have 

2 Sela) =; (2116 - BAL), | (412. 1) 


Pi Pr 
z= Ay 


i _ 
Ir(a)|  ” | @ (1 — ao)| 1 Pr- | (412. 2) 
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This yields 
Ray, a) = 2! (2g, F116 — GF -Figh)- (412.3) 
For | a. |< 1 we find 
Ray, ay) = “0! (QF FI 


14} 


Oe Fe FF) | 2= ay. (412.4) 


[aol 
To find convergent series in terms of which we can express R(do, a1) for ao 
not inside the unit circle, we must make use of the connecting formulas. 

In ihe exceptional case treated in § 408, we have 2%: =J/3, so that by 
(409.8), 


i ra 
1 ante 3-28 3 1 
R(> (1+ 4V3), a,) (ay (3) = Tap *5:6325.... (412.5) 


The Landau radius can also be determined very easily in case a) —0, i.e. 
if we are dealing with a regular function 


f(z) = ay 2+ ag 22+ -- 


that omits the values zero and unity in the punctured disc 0 < |z|<R. In 
this case we must replace the modular function t(z) in the argument of the 
preceding section by the function 


F*(z) 
efarle) — eB, (412. 6) 


This function is regular at 2 == 0 and can be continued analytically along any 
path that starts at z= 0 and subsequently avoids the points z= 0 and z = 1. 
We have 1’(0)== 1/16, so that the Landau radius is given in the present 
case by 


R(0, a) = (412.7) 


[ay] ° 
This yields the following theorem: 


If the function f(2) ts regular in the disc |2z| < R, satisfies (0) =0, but 
as not equal to zero or unity at any other point of the disc, then 


| eta 


™~ |4ay/ 


(412. 8) 


must hold. This bound is the best bound possible. 
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413. Let f(z) be any non-constant integral function. Then there must 
certainly exist points 2) of the complex plane for which f(20)=-0 or 1 and 
f' (4) +0. If we set a9=/(z), 4:=/" (%), then we know from the theorem of 
§ 411 that in every disc | z— 2) | < R with R > R(ap, a), the function f(z) 
assumes one of the values 0 and 1 at Jeast once. 

Now let g(z) be a function that is meromorphic in the entire complex plane 
and omits three distinct values a, b, and c. If we set 


_ 6-4. ge(z) —b 
W=<; e{z) —a@ 


» 


then f(z) is an integral function which omits the values zero and unity and 
which must therefore be a constant. This leads to the following result, which 
greatly generalizes Liouville’s theorem (cf. § 167, Vol. I, p. 165) and is known 
as Picard’s first theorem: 

If g(2) is meromorphic in the whole complex plane and omits three distinct 
values a, b, and c, then g(z2) is a constant. 


Schottky’s Theorem (§§ 414-415) 
414, Let the function 


H(2) = @g + 24+ gz? 4--- (@49 + 0,1) (414.1) 


be regular in the disc | z | < 1 and assume that it omits the values zero and 
unity in this disc. Then just as in § 411 above, the function 


g(z) = r(f(2)) 


is regular in | z | < 1 and assumes values whose imaginary part is >0. If 
0<9%< 1, then the values assumed by g(z) in | z|<% must by Pick’s 
theorem lie in a non-Euclidean disc whose non-Euclidean center is at t(do) 
and whose periphery is tangent to the straight line 


1-6 
to = 3t(4o) TH 


Here we have set t= s + 7#, as in § 410 above. Also by § 410, the values 
which |/(z)| =|Q(g(z)) | assumes in the closed disc | 2 |= @ do not exceed a 
finite number that we denoted by 


lta) = w (Sx(aq) +5) = w(B, a). (414.2) 
+ 
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This result is known as Schottky’s theorem and may be stated as follows: 
Assume that 


H2) = apt a,z+ agz%+--- (dg + 0,1) (414.3) 


is regular and omits the values zero and unity in the disc |z| <1. Also, let 
0<8< 1. Then there exists a number u(9,a0) that depends only on 9 
and a (not on d,,d2,...) which is such that for |z| S98, 


|#(2)| S HB, ay) (414. 4) 
holds. 

415. The proof of Schottky’s theorem goes through independently of the 
particular branch of the modular function t(«) into which f(z) is substituted. 
To minimize the bound y(t)), we must choose that branch for which $+(ao) 
is as large as possible, ie. we must choose t(@)) as lying in the fundamental 
region shown in Fig. 106. 

We now consider in the u-plane a region G(e,qw) that is defined by the 
relations 

jul >e, |u—-1[>e |ul< 0, | 
415.1 
e< + o> 2, { 
If do is a point of this region and if t(a,) lies in the fundamental region just 
mentioned, there exists a number 7 > 0 for which 3r(a) > 4 always holds. 
For all points a, of the region G(e, w), we can use one and the same bound 


#4(f0) in Schottky’s theorem, for we need only set 


This generalization is also due to Schottky. 
From Figs. 101 and 103 above we see that if the branch of t(~) is chosen 
as indicated above, then 


3t(a) > + V3 
holds for 0<|a)|<1/2. Thus we have for these values of a) a bound 
u*(8) in Schottky’s theorem that is independent of ay. 


If ao lies in the punctured disc 0 < | u—-1| < 1/2, then it follows from 
the equation 


fe) -l=a,—l+a,z+4,27+--- 
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that in | z| = we have 
[/@) -1| Ss v*(), 


| Hz)| S w*(8) +1. (415. 2) 


Now if a is any point of the doubly punctured disc 


and hence 


|ul|<o, u+0,1, w> 2, (415. 3) 


then dp» lies in at least one of the three regions dealt with in this section, and 
we have therefore obtained the following theorem: 


Let the function 


T(z) = Gg t+ a, 2+ G,27+--- (415. 4) 


be regular and +- 0, 1 in the disc |z| <1. Also, letO<0<land|a|<o. 
Then there exists a number u = p(9, w), dependent only on 9 and w (not on 
M,0,,...) such that for |z|S9, 


\f2)| Se (415. 5) 
holds. 


Montel’s Theorem (§ 416) 


416. Let G be any given region of the z-plane and let {f} be a family of 
regular functions in G each of which omits the values zero and unity in G. 
Let 2) be a point of G and | z— 2 | SF a closed disc that lies wholly in G. 

We divide {f} into two subfamilies {g} and {hk}, where the former is to 
contain all functions of {f} for which | g(2o) | 1 while the latter is to con- 
tain all the others, i.e. all functions of {f} for which | h(2.)| > 1. 

By Schottky’s theorem, the functions of the family {g} are uniformly 
bounded in the small (cf. § 185, Vol. I, p. 184), since there are discs 
| 2—- 2 | < @ within G for which R/g=9< 1. Moreover, it follows from 
our assumptions that every function 1/h(z) is regular in G and omits the 
values zero and unity, and we also have 


1 
TPS ie a 


This implies that each of the two families { g} and {4} is normal at the point 20. 
Therefore by the criterion of § 183, Vol. I, p. 183, the union {f} of these two 
normal families is itself a normal family at 2). Since 2, is any point of G, it 
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follows that the family {f} is normal in the whole region G. Thus we have 
obtained the following theorem: The set of all functions that are regular and 
omit the values zero and unity in a region G constitutes a normal family in G. 

By combining this result with the theorem of § 197, Vol. I, p. 194, we 
obtain the following additional result: If in a region G every function f of a 
family omits three distinct values a, b, ¢ (which may depend on the function f), 
then the family {f} is normal in G provided only that the product 


X(8, ¢) + x(c, a) - x(a, 5) 


of the chordal distances of these points is greater than a fixed positive number, 
for all functions of the family. 


Picard’s Second Theorem (§ 417) 


417. We consider a function f(z) that is regular and omits the three values 
0, 1, oo in the punctured disc 


0<|z|<e@ (417. 1) 


and we define a sequence of analytic functions by means of the equations 
z 
ta(2) = (5) (n=0,1,2,...). (417.2) 


In the circular annulus @/2 < |z| < @, each of these functions is regular and 
omits the values zero and unity. Hence by the preceding section, the set of 
functions (417.2) is a normal family in the annulus; it must therefore contain 
a subsequence 


{fng(2)} G@=1,2,...) (417.3) 


that converges continuously in the annulus. By the last theorem of § 198, Vol. I, 
p. 195, the limit function is either regular in the annulus or it is the constant oo. 

Let us assume first that the limit function is regular. In this case, the 
functions of the sequence (417.3) are uniformly bounded on the circle 
|z| = 39/4. Equations (417.2) now imply that the disc | z|< @ contains 
an infinite sequence of concentric circles whose radii converge to zero and 
on which f(z) is bounded. Since f(z), by our assumptions, has no poles, 
f(z) is bounded in the punctured disc (417.1) and can therefore be extended, 
by Riemann’s theorem of § 133, Vol. I, p. 131, to a function that is also 
regular at z==0. 
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In the second case, where the limit function of the sequence (417.3) is the 
constant co, we simply replace f(z) by 1/f(z), which reduces this case to the 
first case. We have thus proved a theorem that extends Riemann’s theorem 
of § 133, Vol. I, p. 131 in the most remarkable way, as follows: 

If in a neighborhood 0 < |z— z9| < @ of a point 20, the function f(z) omits 
three distinct values a, b, and c, then f(z) is continuous at 2 in the chordal 
(spherical) metric and can be extended to a function analytic at 2. 

This theorem can also be restated as follows: If the function f(z) has an 
essential singularity at the point 2. (which may also be the point at infinity), 
then in every neighborhood of 2o the function f(2) assumes every value, with 
the possible exception of at most two values, an infinite number of times. 


This theorem was discovered by Picard in the year 1879. The above proof 
is due to P. Montel (1916). 


A Corollary of Montel’s Theorem (§ 418) 


418. Let {f} be a family of functi: ns that are regular and omit the values 
0, 1 and o in the punctured disc 0 < |2|< 1. Then by Montel’s theorem 
of § 416, the family {f} is normal in the punctured disc. According to the 
theorem of the preceding section, each of the functions f(z) can be extended 
to a function analytic at the point z==0. We shall prove that the family of 
extended functions is normal at z= 0. 

To this end, let {f.(2)} be any sequence from the family {f}. If infinitely 
many of the numbers f,(0) are distinct from all three of the values 0, 1, 00, 
then by Montel’s theorem we can select from the sequence {f,(z)} a sub- 
sequence that is normal in the whole disc | z| <1. Thus we need only deal 
with the case that all of the f,(0) are == 0, since the remaining two cases can 
be reduced to this one by introducing the functions f(z)—1 and 1/f(z), 
respectively. 

We can select from the sequence of the f,(z) a subsequence {f,,(2)} that 
converges continuously in the punctured interior of the unit circle. If the 
limit function g(z) of this subsequence is not identically equal to infinity, 
there exists a circle | z|==r <1 on which all of the /,,(z) are uniformly 
bounded. They must have the same property in the disc | z | <r and therefore 
constitute a normal family in this disc. 

To assume that g(z) = oo would lead to a contradiction, because there would 
exist in this case a disc | | <_< 1 on the boundary of which | fng(2) | > 3 
for at least one of the functions of the convergent subsequence; then for the 
function g(z) = 1—/,,(2), we would have | (2) | > 2 at every point of | | =r 
while at the same time y(0)—1, and thus by the result of § 138, Vol. I, 
p. 135, m(2) would have at least one zero 2 at which fnj(%o) = 1 would then 
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hold, in contradiction to our assumptions. Thus we have obtained the following 
result : 


If F is the frontier of the normal kernel of a family of functions all of which 
omit three values, then F cannot contain any isolated points. 


A Generalization (§ 419) 


419. The theorems of §§ 411ff. can be generalized by the substitution, in 
the appropriate places in the course of their proofs, of an arbitrary Schwarz 
triangle function for the modular function. Thus for instance, let /, m, n be 
three natural numbers for which 


holds, and let f(z) be a function that is meromorphic in the disc | 2 | < 1 and 
for which the multiplicity with which it assumes the values 0, 1, and o (ie., 
the multiplicity of its zeros, “ones,” and poles) is always divisible by /, m. 
and n, respectively. Let f(z) be represented by 


Hz) = ay t ay z+ agz*+--- (4 + 0, 1) 


in the neighborhood of z==0. The function (404.1) maps the point a) onto 
at least one point wo of the disc |w|< 1. We map @, onto the origin by 
means of a non-Euclidean motion of our net of triangles, and we obtain a 
function 


_ 49;(4) +B H(%) 
PC) = Foe) +d ee)” 


which maps the upper half-plane $u > 0 onto a triangle of the net. It is easy 
to see that g(z) = W (f(z) ) is regular and of bound one in the disc | z| < 1, 
and vanishes at z=-0. From this it follows, by Schwarz’s Lemma, that 


lal Spey: (419.1) 


This is the crucial inequality from which we can obtain, after a modification 
of the norming, the analogue of the result on the Landau radius. 
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The Essential Singularities of Meromorphie Functions (§§ 420-424) 


420. We consider the function z= Q(w) introduced in § 404 and we 
wish to determine the radii of the disc | w| <1 on which 


lim Q(z e**) (420. 1) 


r=1 


exists. As the point w travels along such a radius, the corresponding point 
Q(w) of the z-plane traverses a path y, whose interior points do not include 
g==0,1 and o. But the end point of this path, which exists by our assump- 
tion, always coincides with one of the three points just mentioned; no other 
point of the z-plane can be a boundary value of Q(w), because the mapping 
is neighborhood-preserving. 

Now if the path y, ends, say, at the point z==0, we consider the part 
of y, that lies in a circular disc having its center at = 0 and excluding 2 == 1 
(say the disc |z|< 1/2); this part of y, is the image of a curve y, that 
passes through triangles of the modular configuration all of which have a cusp 
at a common vertex. Since by our assumption y,. coincides with part of a 
radius of | w|< 1, it follows that this radius passes only through a finite 
number of triangles. This last condition however is met by no more than a 
denumerable number of radii of | w| <1, since there are only denumerably 
many cusps of the modular net on | w|==1. For all other radii, therefore, 
the limit (420.1) does not exist. Hence by the result of § 311, the boundary 
values of Q(w) at any given point ¢ of |w|==1 must cover the entire 
Riemann sphere. Thus we see that the conclusion of Fatou’s theorem does 
not hold for certain functions that omit three distinct values. 

As long as we were dealing only with isolated frontier points of the domain 
of definition, we were able to extend results for bounded functions to functions 
that omit three values. This is one way of looking at the content of Picard’s 
theorems. But our last considerations show that extensions of this kind may 
no longer be possible if the singularities of a function are not isolated. How- 
ever, even in the latter case it is possible to arrive at certain results without 
too much difficulty. 


421. Toward this end we first derive a lemma. We note that for a func- 
tion f(z) regular in the disc | z| 1, equation (135.5), Vol. I, p. 132 can 
be written in the form 


2x 
HO) = aa | He!) 20, 
0 


which admits of the following geometric interpretation. The right-hand side 
of this equation may be considered as representing the center of gravity of a 
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certain positive mass distribution on the curve w = f(e**), Thus the equation 
implies that {(0) must lie in the convex hull of this curve. 
Now let f(z) be regular and bounded in the disc | z| < 1, say 


|f(z)| << M. (421. 1) 


Let A be an open subset of the circle | z| == 1 that consists of at most de- 
numerably many subarcs whose lengths add up to ¢, and assume that at every 
point ¢ of | z | = 1 that is not on A, the limit 


lim f(r 0) (0<r<i1) (421.2) 
r=1 


exists and that the convergence in (421.2) is uniform for all ¢ in quéstion. 
We denote the set of all limits (421.2) by W and the convex hull of W by W*. 
For any given r with 0 <r < 1, we denote by A, the projection of A onto 
the circle | z | ==r under the central projection from the origin. In addition 
to the analytic function f(r e**) (0 < & < 22), we introduce a continuous func- 
tion ¢ (r e**) that is linear in # on every subinterval of A, and coincides with 
f(r e**) at all other points of the circle | 2 |==r. 
Then from the relations 
22 22 
10) = a [tre do = Hf 90) a0-+ ae [ (Hee!) —9.(0)) dB (421.3) 
é 6 


0 


and with the notation 


2n 
: 1 
my = tim 72; | (0) a 
0 


2 (421.4) 
t= lim 2, [ Ure") — 9(6) 49 
pre 6 
it follows that 
1(0) = wy + we. (421. 5) 
Now w, belongs to the convex hull W*, and 
| |w,| S$ 2eM, (421. 6) 


since 


f(r e**) — ¢ (8)|< 2M 
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holds true. We shall make use of these inequalities to prove the following 
lemma : 

Let f(a) be a regular and bounded function in the disc |z|< 1. Assume 
that the limit 


lim f(r ¢) 


ral 


exists at every point C, except on a set e, of measure zero, of an arc AB of the 
circle |z|==1, and that these limits lie in a point set W of the w-plane. 
Then every boundary value of f(z) at any interior point Co of the arc AB isa 
point of the intertor or the frontier of the convex hull W* of W. 


To complete the proof of this lemma, let 2) be any point of the disc | z| < 1. 
The Moebius transformation 


%y—& 
gaat 
1—Z4u 


represents a one-to-one mapping of the two closed discs | z| Sl and|u{<1 
onto each other and maps the arc 4B onto an arc A,B, whose length we 
denote by 
€ 
2n—- 2° 
The set e, of measure zero on the arc 4B corresponds to a set e, of measure 
zero on the arc 4,B,. We introduce the function 


mo) = (a) 


The point set e, and the complement of the arc 4,B, on | «|= 1 can be 
covered by a sequence J of intervals of total length ¢; this set 4 then satisfies 
the assumptions at the beginning of this section, so that we can write, in 
accordance with (421.5), 


f(%o) = h(0) = w, + we, 
where w, is a point of W* while wz satisfies the inequality 


|w,] S2eM. 


The lemma now follows if we note that € goes to zero if | fo 2 | does. 
Incidentally, the assumption that f(z) is bounded in the whole disc | z| <1 
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can be replaced by the weaker assumption that f(z) is bounded in a neigh- 
borhood of £5, with the aid of the method of § 348. 


422, Next we consider an arbitrary analytic function f(z) meromorphic | 
in the disc |z| <1. We wish to derive a characterization of the set W of 
boundary values assumed by f(z) at a point ¢, of the unit circle in terms of 
the radial limits 

lim f(r e*”) 
rol 
in the neighborhood of ¢) (to the extent to which these limits exist). 

To this end, we cover the Riemann sphere by a normal sequence of open 
discs? 

K,, K2, Ks,... (422.1) 


that is by a denumerable set of open discs having the property that to every 
disc K on the Riemann sphere with center at P, and no matter how small, we 
can assign at least one disc K, of the sequence (422.1) that Ifes in x and 
covers P. 

To each disc K, of the sequence (422.1) we now assign a subset A, of 
the circle | z| == 1 consisting of all points ¢ of the circle for which the limit 


lim f(r 0) (0<r<1) (422.2) 


r= 


either fails to exist or exists and coincides with a point of K,. 
We also define on the circle | z | == 1 a nested sequence of subarcs 


3; 5 dy + dg b - (422. 3) 


that have a common interior point £, and whose lengths converge to zero. 
For every v, we form the sequence of intersections 


A, 6,, A, 6g, A,d3,... (»=1,2,...) (422.4) 
and we denote by 
n; (j=1,2,...) (422. 5) 
those natural numbers (if any) for which at least one of the sets 
A,, 5, (p = 1, 2, ...) 
is of linear measure zero. 


*Cf. C. Carathéodory, Reelle Funktionen, Vol. I (Chelsea Publishing Co., New York 
1946), § 85, p. 71. 
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423. Having defined the n, in this way, we consider the open set 


U = Ky,+ Ka,+ Kat °° (423. 1) 


and its closed complement H. 

The set U may be the empty set, in which case H coincides with the whole 
Riemann sphere. For example, for the function Q introduced in § 404, the 
limit (422.2) exists according to § 420 only if it equals one of the three num- 
bers 0, 1 and o, and this happens only if ¢ coincides with one of the denumer- 
ably many cusps of the modular configuration that lie on the unit circle. 
Therefore in this case, the linear measure of A, 6, is positive for every y and 
every p, so that the point set U is empty. 

The point set H, on the other hand, cannot ever be empty. For if it were, 
there would exist a finite number of K,, whose union would cover the Riemann 
sphere, so that there would have to exist an arc 6, in which the points ¢ for 
which the limit (422.2) fails to exist, or exists and equals any number at 
all, would constitute a set of linear measure zero; but this is absurd. 

Now we shall prove that every point w of H must be a boundary value of 
f(z) at the point Co. To this end, consider a disc K; of our covering sequence 
(422.1) that contains w and is itself contained in a preassigned neighborhood 
of w. Suppose that w were not a boundary value of f(z) at >. Then there 
would exist a neighborhood of ¢, in which 


= 
He) ~ 


would be bounded, and an arc 6,, on which the conclusion of Fatou’s theorem 
holds true. On the other hand, the number » is by assumption not a member 
of the sequence (422.5). Hence every arc 6, for which p = p> must contain 
at least one point ¢, for which the limit 


lim f (7 fy) 


r=1 


exists and is contained in K,. Therefore there exist boundary values of f(z) 
at Co whose distance from w is as small as we please. The set of boundary 
values of f(z) at Cy being a closed set, it would follow that the point o is itself 
a boundary value at fo after all. Thus we have proved the above statement. 


424. The complement U of H can always be represented as the union of 
at most denumerably many mutually disjoint regions G;. If the number a 
is not a boundary value of f(z) at o, then the point of the Riemann sphere 
that corresponds to a must lie in one of the regions G,, say in G,. 


210 Part Seven. IV. THe EssentriAL SINGULARITIES AND Picarn’s THEOREMS 


Let Ko be a closed disc lying in G, and having a as one of its boundary points. 
Since a is not a boundary value of f(z) at %o, the function 


1 
g(z) > 7@ —a 


is bounded in a certain neighborhood of ¢); therefore Fatou’s theorem is 
applicable in this neighborhood. 

By assumption, every point of Ko lies in one of the open discs K,, of § 422, 
and by the Borel Covering Theorem, a finite number of these open discs 
suffice to cover Ko. To each of these there corresponds, also by § 422, an 
arc 6,, on which the radial limits exist, except on a set of measure zero, and 
are equal to values that do not belong to K,,. On the intersection 6(Ko) of 
all of these 6,,, the radial limits likewise exist, except on a set of measure zero, 
and fall outside x). We can therefore apply the theorem of § 421 to g(z). 
The transformation 


maps the disc Ky onto a half-plane. The radial limits of g(z), corresponding 
to those mentioned in the theorem of § 421, all lie in the complementary half- 
plane, as does also the convex hull of the set of these limits. From this we 
conclude that none of the boundary values of f(z) at Co lies in the interior of Ko. 
This result can be supplemented as follows. 

If B is an arbitrary point of the region G,, we can always find a chain of 
closed discs 


Ko, Ki,...> Km 


all of which lie in G, and which are such that any two consecutive discs 
overlap while the points a and £ lie on the boundary of the first disc K, and 
in the last disc K,, respectively. This construction shows that none of the 
points of the region G, can be a boundary value of the function f(z) at the 
point fo. 

We have thus proved the following theorem: Let the analytic function f(z) 
be meromorphic in the disc |2z| <1, and let Cy be any point of the periphery 
|2|==1. Then we can represent the Riemann sphere, by means of the con- 
struction of §§ 422 ff. above, as the union of mutually disjoint sets 


H+G,+G,+..., 
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where H is closed and non-empty while the G, (which may be absent entirely) 
are regions. For each of the regions G,, either every point of G, is a boundary 
value of f() at Co or else none of the points of G, has this property. Thus the 
set of boundary values of f(2) at Co consists of the closed set H plus certain of 
the regions Gy, including in any case all those of the G, which are multiply- 
connected. 


The last statement, concerning the multiply-connected regions G,, is a direct 
consequence of the fact that the set W of boundary values is always a con- 
tinuum and that the complementary set of a continuum is always a union of 
disjoint simply-connected regions. 

We note that the above theorem bears a certain resemblance to the theorem 
on isolated essential singularities of § 165, Vol. I, p. 163, if the latter is stated 
in the following form: If a function f(z) is single-valued and analytic at all 
points, other than 2, itself, of a certain neighborhood of 2, then the set of 
boundary values of f(z) at 3 either consists of a single point or else covers 
the entire Riemann sphere. 

This corresponds precisely to the case that the point set H consists of a 
single point. 


An Application to the Reflection Principle (§ 425) 


425. The result of the preceding section enables us to complement the 
theorem of § 348. Let f(z) be meromorphic in the disc |2z| <1. Assume 
that to every point ¢ of an arc AB of the periphery | 2 | == 1, with the excep- 
tion of a fixed set ¢, of linear measure zero, we can assign at least one sequence 
of points z, of the disc that converges to ¢ and whose points lie between two 
chords of the unit circle that meet at ¢, and which is such that lim /(z,) exists 
and is real or infinite. 

Now if 0 is any point of the arc 4B, the following two cases, and no others, 
are possible. Either the set W of boundary values of f(z) at ¢, covers the 
whole Riemann sphere, or Fatou’s theorem holds, by § 311, in a neighborhood 
of 5. In the latter case, the radial limits must exist everywhere (except on a 
set of measure zero) and must be real or infinite. This implies that the point 
set H of § 423 must in the present case be a subset of the real axis. If H is 
not the entire real axis, the complementary set U of H is a single region none 
of whose points are boundary values of f(z) at >. Then by § 348, the func- 
tion f(#) must either be regular at 2, or have a pole at this point. But if H 
coincides with the entire real axis, then there are exactly two regions, G; 
and Gz, in the complement of H. Hence the theorem of the preceding section 
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applied to the function f(z) of the present section yields the following result: 


For the function f(z) introduced in the first paragraph of this section, the 
following three possibilities—and no others—exist at every point ¢, of the 
circular arc AB: 

1. The set W of boundary values of f(z) at C, covers the entire extended 
complex plane. In this case, we call C, an essential singularity of the first kind. 

2. The set W covers one of the two half-planes bounded by the real axis, 
including the real axis itself, and contains no interior point of the other half- 
plane. In this case, we call Cy an essential singularity of the second kind. 

3. One of the two functions f(z) and 1/f(z) is regular at the point Co, 
and the Schwarz Reflection Principle can be applied in a neighborhood of fo. 


Examples (§ 426) 


426. We shall now consider some actual examples to illustrate the various 
possibilities allowed by the last theorem. It may happen that each and every 
point of the arc 4B is an essential singularity of the first kind. This is the 
case, for instance, if we choose for f(z) the modular function Q(z) of § 404. 
We have seen in § 420 that for this function, the radial limits exist only on a 
denumerable number of radii; on any radius not belonging to that denumer- 
able set we can find sequences of points that converge to the periphery of 
the unit disc and on which Q(z) assumes real values. Thus the conditions 
imposed on f(z) in § 425 are satisfied here. Moreover, on each of the radii 
other than thdse of the denumerable set, there are sequences of points that 
yield boundary values of Q(z) having a positive imaginary part, as well as 
sequences that yield boundary values having a negative imaginary part. There- 
fore, every point 0, of | z|==1 is an essential singularity of the first kind. 

It is almost as easy to find examples of functions for which all points Cy of 
a boundary arc AB are essential singularities of the second kind. To this 
end, let us consider a Schwarz circular-arc triangle lying in the upper half- 
plane of the w-plane and having the angles 2/2, 2/4, 2/6, say. We map this 
triangle conformally onto a modular triangle of the 2~plane whose three cusps 
lie on the circle | z | = 1 and which lies otherwise in the interior of this circle. 
The analytic continuation u(z) of the mapping function represents the con- 
formal mapping of the disc | | < 1 onto a simply-connected regular (canon- 
ically branched) Riemann surface over the w-plane (cf. § 404), a surface that 
has logarithmic branch points at all of the points corresponding to the vertices 
of the original triangle as well as to the vertices of all the additional triangles 
obtainable by successive reflections in sides of triangles. 

The circle | z | == 1 constitutes a natural boundary for the function a(z). 
All the values assumed by u(z) have a positive imaginary part. Every point 
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of the unit circle is an essential singularity of the second kind, a fact that can 
also be proved directly without difficulty. 

To show that u(2) satisfies the conditions of § 425, we note that almost all 
radii of the disc | z | < 1 are mapped by the function w == u(z) onto curves 
of the w-plane that converge to some well-determined end point. Such an end 
point must coincide either with the point w==0 or with a point of the real 
axis or with a point that corresponds to a vertex of the net of triangles. The 
last, however, is possible only if the corresponding radius of the disc | z| <1 
passes through no more than a finite number of triangles of the net. There 
are no more than denumerably many radii having this property, which shows 
that u(2) satisfies the requirements of § 425. 

The functions that serve as illustrations for the theorem of § 425 may also 
have isolated essential singularities. Thus, for example, the function 


~ its 
1-s 


has an essential singularity of the first kind at the point z==1, and the 
function 


1l+z 
: “w=el?* 


has at the same point an essential singularity of the second kind. At all 
other points of the circle | z|==1, the first of these functions is regular 
while the second has poles at points of the circle for which ¢g== 1 is a point 
of accumulation. 

It may also happen that all the points of the circle but one are essential 
singularities of the second kind, while the exceptional (isolated) point is an 
essential singularity of the first kind. To construct an example for this, we 
norm the above function u(2) in such a way that it converges to a finite real 
value as 2 approaches the point z==1 within a sector. Then the function 


~1+z 


‘To 
w=e "+ ue) 


has at 2 == 1 boundary values with positive imaginary parts as well as boundary 
values with negative imaginary parts; thus the point z==1 is an essential 
singularity of the first kind. At all other points of the unit circle there are 
boundary values with positive imaginary part but none with negative imag- 
inary part; these points are therefore essential singularities of the second kind. 
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427. We consider once more a mapping function u(z) like the one of 
§ 426, except that we assume it to give a mapping this time of a modular 
triangle of the Poincaré half-plane z== x + iy, y > 0 onto a Schwarz triangle 
of the w-plane. Then by Fatou’s theorem, the limit 


lim u(x + 7 y) = g(x) (427. 1) 
y=0 


exists for all points x of the x-axis except for those in a certain set ¢ of 
linear measure zero. Moreover, there exists on the x-axis a denumerable 
and everywhere-dense set e” having the property that for x Ge” we have 
3p(*) > 0. 

Now let 6,:a<%< 6 and 6,:a< «<8 be arbitrary intervals on the 
#-axis and the w-axis respectively. We denote by e(a,f) the subset of 
6, on which « < g(x) < B holds. We shall prove that the linear measure 
me(a,B) is >0, by showing that the assumption me(a,B)—=O0 leads to 
a contradiction. 

To prove this, let K, be a disc of a normal covering sequence of the w-plane 
(cf. §422) that has a chord lying within the interval a <u < f. We assign 
to this disc the point set A, introduced in § 422, which in the present case is a 
subset of the +-axis. The intersection of A, and 8, is contained in the set 
& + e” + e(a, 8), which is of measure zero by the assumption we wish to 
disprove. Hence if we apply the theorem of § 424 to any point ¢ of 6,, we 
find that the point set H (cf. §§ 423-424) is here a subset of the u-axis that 
excludes at least a subinterval of 6,. Furthermore, no point of the half-plane 
sw < 0 is a boundary value of u(z) at the point ¢. Therefore by the theorem 
of §425, u(z) is analytic at ¢ and hence is real, except possibly for poles, at 
every point of 6,. But this contradicts the fact that the function (+) has a 
positive imaginary part at every point of the everywhere-dense set e”, and 
the above statement is proved. 


428. We now denote by f() the real function which is equal to zero on 
the set e’ + e” of measure zero and equal to p(x) at all other points of the 
*-axis. The function f(%) is measurable, because on the complement of 
e + e” it is the limit function of a sequence of functions that are everywhere 
continuous. We have thus obtained the following result: 


There exist measurable real functions {(«) which are such that for any and 
every given interval a< u< B, the set of points x at which f (+) assumes 
values belonging to the given interval intersects every interval of the x-axis 
in a set of positive (non-zero) measure. 
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Remark. The above function should not be confused with a famous example 
of Lebesgue? that lies on an entirely different plane. In Lebesgue’s case, the 
problem is to construct a function A(#) that assumes every value at least once 
in every interval. But this function A(x) is not required to be measurable; 
also, a solution 4(%) would be considered acceptable in this problem even if the 
set of all points at which A(x) = 0, say, should be of measure zero. Our above 
f(*), on the other hand, must first of all be measurable, and we also require 
that the pre-image on the x-axis under «== f(#) of any interval of the u-axis 
should not intersect any interval of the x-axis in a set of measure zero. Again, 
{(#)—as opposed to 4(#)—-may omit all values belonging to some set that is 
everywhere dense on the u-axis; this set of omitted values may even be such 
that it intersects no interval of the u-axis in a set of measure zero. 


*C. Carathéodory, Vorlesungen aber reelle Funktionen, 2nd ed. (Chelsea Publishing Co., 
New York 1948), § 227, p. 228. 
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